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This  research  concerns  linear  ordinary  differential  equations  depending 
in  such  a  way  on  a  parameter  p  that  the  "limit"  differential  equation 
obtained  letting  p  tend  to  in  the  differential  equation  is  of  lower 

'  r 

order  than  the  original  one.  'rC 

^  ■ 

Adopting  a  terra  customi^  in  physics  we  used  the  name  boundary  layer 
problem  for  the  question:  What  happens  to  the  solution  of  a  boundary  value 
problem  of  such  a  differential  equation,  if  the  parameter  tends  to  **  in  this 
solution? 

We  gave  a  general  answer  to  this  question  for  the  differential  equation 
~N{y)  +M(y)  •»  0,  where  N(y)  and  M(y)  are  linear  differential 
expressions  of  order  n  and  m,  respectively  (n  >  m) ,  and  for  non- 
homogeneous  boundary  conditions  which  consist  in  prescribing  the  values  of 
derivatives  (but  not  of  linear  combinations  of  such  derivatives)  at  the  end¬ 
points.  The  question  whether  the  solution  of  such  a  boundary  value  problem 
converges  to  a  solution  of  the  limiting  differential  equations,  as  p  ♦ 
and  what  boundary  conditions  are  satisfied  the  limit  function  could  be 


The  preparation  of  the  report  is  sponsored  by  the  United  States  Array  under 
Contract  No.  DAAG2^86-C-05i1 


/  /  ' 


decided  by  an  easily  applicable  rule.  This  rule  showed,  among  other  things 
that  the  solution  converges  only.  If  the  prescribed  n  boundary  conditions 
are  not  too  unevenly  distributed  between  the  two  en<^lnts . 

If  the  order  m  of  the  limiting  differential  equation  Is  only  one  less 
than  the  order  n  of  the  original  differential  equation,  then  the  above 
mentioned  rule  could  be  extended  to  more  general  types  of  boundary  conditions 
and  also  to  non-homo geneous  differential  equations . 

Since  the  roost  Important  boundary  layer  problems  In  the  applications  are 
concerned  with  systems  of  differential  equations,  we  gave  a  simple  example  for 
the  mathematical  treatment  of  a  boundary  layer  problem  for  a  linear  system  of 
two  simultaneous  differential  equations . 

The  validity  of  the  general  rule  proved  In  this  research  was  seen  to  be 
restricted  by  the  assumption  that  the  coefficient  of  the  term  of  highest  order 
of  differentiation  in  M(y)  has  no  zeros  in  the  interval  of  Integration.  In  a 
special  example  we  showed  that  interesting  results  can  be  obtained.  If  this 
assumption  Is  dropped. 

The  theory  of  the  asymptotic  expansion  of  the  solutions  of  linear 
differential  equations  Involving  a  pareuneter,  developed  by  G.  D.  Birkhoff, 
Noalllon,  Tamarkln,  Trjitzlnsky  and  others  proved  an  important  £md  powerful 
tool  In  these  Investigations « 
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In  May  1980,  the  Mathematics  Research  Center  organized  a  successful 
advanced  Samlnar  on  Singular  Pectuchations  and  Rsymptotics  in  honor  of  the 
retirement  of  a  colleague,  Wolfgang  R.  Wasow.  His  fundamental  research  is 
responsible  for  many  other  rapid  developments  in  this  field  since  1940,  and 
continues  to  play  a  vital  role  in  modern  theory  and  current  applications. 
Wasow* 3  Ph.O.  dissertation  (N.Y.tl.,  1941),  a  small  part  of  which  exists  in 
print  (On  the  asymptotic  solution  of  boundary  value  problems  for  ordinary 
differential  equations  containing  a  parameter,  J.  of  Mathematics  and  Physics 
32  (1944),  173-183),  represents  the  starting  point  of  this  important  flourish 
of  modern  applicable  research. 

Following  suggestions  of  several  participants  NRC  is  printing  his  1941 
thesis  in  its  entirety  as  a  TSR  in  order  to  make  this  valuable  work  more 
widely  available.  Readers  will  note  that  the  name  "singular  perturbations" 
(which  was  only  coined  several  years  later  by  K.  0.  Friedrichs  or  W.  Wasow  or 
possibly  jointly,  but  neither  is  now  able  to  recall  the  details)  does  not 
appear  anywhere  explicitly! 
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OH  BOOMDARY  LAYER  PROBLEMS  IM  THE  THEORY  OF 
ORDIMARY  OIFFEREHTIAL  EQUATIONS 

Wolfgang  R.  Wasow 
Introduction 

Many  problems  In  applied  mathematics  lead  to  questions  of  the  following  type: 

Given  is  a  differential  equation  involving  a  parameter 
p.  This  parameter  occurs  in  such  a  way  that  the 
"limiting'*  differential  equation,  i.e.  the  differential 
equation  obtained  by  letting  p  tend  to  infinity  in 
the  differential  equation,  is  of  lower  order  than  the 
original  one.  What  happens  then  to  the  solution  of  a 
boundary  value  problem  of  the  original  differential 
equation,  if  p  tends  to  infinity  in  that  solution? 

It  is  by  no  means  obvious  -  and  not  even  always  true,  as  we  shall  see  -  that  the 
solution  of  such  a  boundary  value  problem  tends  to  a  solution  of  the  limiting  differential 
equation,  as  p  tends  to  infinity.  But  even  when  this  is  the  case  the  question  arises 
what  are  the  boundary  conditions  satisfied  by  the  limiting  function.  As  a  solution  of  a 
differential  equation  of  lower  order  than  the  original  one  it  cannot,  in  general,  be 
expected  to  satisfy  all  the  boundary  contions  prescribed  in  the  original  problem. 

In  those  cases  in  which  the  solution  of  the  original  problem  converges  -  as  p  tends 
to  infinity  -  to  a  solution  of  the  limiting  differential  equation  which  does  no  longer 
satisfy  all  the  originally  prescribed  boundary  conditions,  the  solution  f  the  original 
problem  shows  a  peculiar  behavior  for  very  large  values  of  the  parameter  p.  Some  of  the 
derivatives  of  the  solution  will  assume  very  large  values  in  a  narrow  region  near  the 
boundary.  As  p  tends  to  infinity,  these  derivatives  will  tend  to  infinity  at  a  certain 
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part  of  the  boundary.  In  the  most  important  applications  of  phenomena  of  this  type  the 
first  derivative  of  the  solution  -  and,  of  course,  all  the  higher  derivatives  -  diverge  at 
parts  of  the  boundary,  as  p  tends  to  infinity. 

In  the  physical  Interpretations  this  means  the  occurrence  of  "Boundary  layers*  in 
which  the  quantity  to  be  investigated  increases  or  decreases  very  rapidly  with  the  distance 
from  the  boundary,  when  some  physical  constant  is  large.  He  shall  use  the  name  Boundary 
Layer  Problems,  in  a  more  general  sense,  for  all  related  mathematical  problems. 

The  most  famous  problem  of  this  type  is  the  relationship  between  the  theories  of 
viscous  and  ideal  liquids.  An  interesting  boundary  layer  problem  for  a  system  of  two  non¬ 
linear  ordinary  differential  equations  has  been  investigated  recently  by  X.  Friedrichs  and 
J.  J.  Stoker  in  a  paper  on  the  buckling  of  elastic  plates,  [9]. 

The  majority  of  the  applications  lead  to  non-linear  partial  differential  equations 
which  are  so  complicated  that  a  complete  mathematical  treatment  has  not  yet  been  attempted. 
But  even  the  boundary  layer  problem  for  linear  ordinary  differential  equations,  a  problem 
interesting  from  the  mathematical  as  well  as  from  the  physical  point  of  view,  has  as  yet 
been  hardly  investigated.  The  only  paper  known  to  the  author  of  this  investigation,  on 
this  problem  for  ordinary  differential  equations  is  the  article  171  by  Erich  Rothe,  in 
which  the  problem  is  solved  for  a  very  special  linear  differential  equation  of  the  second 
order  with  constant  coefficients. 

In  Chapter  I  of  the  present  paper  we  discuss  the  boundary  layer  problem  for  linear 
homogeneous  differential  equations  depending  linearly  on  the  parameter,  and  for  non- 
homogeneous  boundary  conditions.  The  result  of  this  part  can  be  expressed  by  a  simple  and 
easily  applicable  rule  which  determines  immediately,  for  a  given  problem  of  this  type, 
whether  the  solution  converges  and  what  boundary  conditions  are  satisfied  by  the  limiting 
function. 

In  Chapter  II  we  investigate  more  thoroughly  the  case  tihere  the  order  of  the  limiting 
differential  equation  is  lower  by  one  than  the  order  of  the  original  differential  equation. 
In  this  case  the  statement  of  the  general  rule  of  the  Main  Theorem  in  Chapter  I  can  be 
formulated  so  as  to  Include  more  general  boundary  conditions  than  those  assumed  in  Chapter 


I.  Th«  problem  Is  then  solved  -  at  leart  for  a  drop  of  one  in  the  order  of  the 
differential  equation  -  for  the  non-hor  leneoos  equation.  Finally,  the  usual  method  of 
treating  boundary  layer  problems,  consisting  of  a  transformation  of  the  Independent 
variable  and  an  appropriate  modification  of  the  boundary  conditions,  is  shown  to  be 
justified  In  this  case.  The  method  Is  sometimes  used  In  more  complicated  problems  without 
mathematical  justification. 

In  Chapter  III  some  special  examples  of  other  types  of  boundary  layer  problems  are 
discussed. 

The  methods  used  In  this  paper  are  based  on  the  theory  of  the  asymptotic  solution  of 
ordinary  differential  equations  Involving  a  pareuMter.  This  theory  has  been  developed  by 
G.  D.  Blrkhoff  [1],  Hoalllon  [2],  Tamarkln  [3],  (41,  Trjitslnsky  [6],  and  others.  In  the 
Appendix  we  give  a  short  outline  of  the  results  of  this  theory  as  far  as  they  are  used  in 
this  Investigation. 

I  eui  deeply  indebted  to  the  Professors  R.  Courant  and  K.  O.  Friedrichs  <hose  help  and 
encouragement  played  a  major  part  in  the  preparation  of  this  thesis.  The  original 
suggestion  for  this  Investigation  came  from  Prof.  Friedrichs,  and  his  active  Interest  in 
the  progress  of  the  irork  has  bean  of  the  utaK>st  value. 
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chapter  X 


THE  BOUHOARY  LAYER  PROBLEM  POR  THE  DIFFERENTXAL 

EQOATIOS  -1  Hty)  +  M(y)  -  0 
P 

Statamant  of  the  Problem 

1.  He  consider  the  ordinary  linear  differential  equation 

L(y,p)  «  0  , 

where  the  linear  differential  expression  L(y,p)  is  of  the  form 

L(y,p)  =  i  H(y)  +  M(y> 

P 


with 


(101) 


(102) 


n  (n-v) 

N(y)  £  J  a  (x)  y  (x)  (103) 

vO 

m  (m-p) 

M(y)  =  J  b  (x)  y  (X)  .  (104) 

1»»0  ** 

X  is  a  real  variable  and  p  a  positive  parameter.  He  assume  that  the  coefficients 
a  (x)  and  b  <x)  admit  at  least  n  bounded  derivatives  in  the  Interval 

V  p 

a  <  X  <  B  . 

If  the  order  n  of  the  differential  expression  M(y)  is  greater  than  the  order  m 
of  the  differential  expression  N(y),  then  the  differential  equation  (101)  gives  rise  to  a 
boundary  layer  problem  for  the  "limiting''  differential  equation,  l.e.  the  differential 
equation  obtained  by  letting  p  tend  to  infinity  in  the  original  differential  equation 
L(y,p)  -  0.  Tor,  this  limiting  differential  equation  is 

M(y)  -  0  ,  (105) 

and  this  differential  equation  is  of  lower  order  than  (101),  if 

n  >  ra  (106) 

He  shall  also  assume  that 

m  >  0  .  (106a) 
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Host  Of  our  results  reaaln  valid  for  m  -  0.  But  at  some  points  the  Inclusion  of  the 
case  m  •  0  %(ould  make  the  statement  of  the  result  rather  involved.  It  ssemed  therefore 
preferable  to  exclude  this  case  from  the  Main  Iheorem. 

Together  with  the  differential  equation  (101)  we  prescribe  n  boundary  conditions  for 


the  function 

y(x).  The  boundary  conditions 

considered  in 

this  chapter 

are  of  the  form 

Lfty)  -  » 

(1  -  1,2 . 

in) 

(107) 

with  constant 

and  with 

1 

y  (B) 

for  1  “  1,2, 

r  •  «  •  /  f 

4 

(108) 

(T  ) 

L  y  <a) 

for  1  “  r+1i 

1  •  e  *  /A  0 

where  x  •  a  and  x  -  6  are  the  left  and  right  endpoints,  respectively,  of  the  Interval 
under  consideration.* 

We  assume  that  the  boundary  conditions  are  arranged  in  such  a  way  that 

1.  >!,.>•••>  1 
12  r 


Vi  "  V2  "  —  "  ■'n  • 

This  arrangement  is  the  opposite  of  the  customary  one,  but  It  Is  more  practical  In  our 

case.  Ml  the  numbers  and  are,  of  course,  assumed  to  be  less  than  n.  r  is  the 

number  of  boundary  conditions  prescribed  at  the  right  endpoint.  The  number  of  boundary 

conditions  at  the  left  end  point  Is  then  n  -  r. 

One  or  both  of  the  numbers  X  and  t  may  be  zero,  which  means  that  the  value  of 

r  n  ^ 

the  function  Itself  Is  prescribed  at  one  or  both  endpoints.  But  our  theory  applies  also  to 
cases  In  which  only  derivatives  of  the  function  are  prescribed  at  the  endpoints.  The 
boundary  conditions  (108)  contain  as  a  special  case  the  initial  value  problem.  We  have 
only  to  set  r“0,  or  r“n. 


*  d'' 

We  shall  use  throughout  this  paper  the  notation  y**^^(x)  for  — 

dx" 


We  make  further  the  assumption 


ag(x)  0,  for  all  xlna<x(B,  (109) 

which  makes  It  possible  for  us  to  set 

a^Cx)  -  1  ,  (110) 

without  loss  of  generality. 

k  very  essential  condition  for  the  validity  of  the  theory  that  follows  Is  that  we  must 
have  also 

bg(x)  f  0,  for  all  x  in  a  <  x  <  S  •  (111) 

It  Is  easy  to  see  that  a  theory  of  Isoundary  layer  problems  which  does  not  assume  (111)  must 
be  expected  to  be  much  more  complicated.  For  Is  the  coefficient  of  the  first  term 

li  the  limiting  differential  equation  (105).  Hence,  If  bQ(x)  has  zeros  In  a  <  x  (  S> 
these  zeros  will.  In  general,  be  singular  points  of  the  solutions  of  the  limiting 
differential  equation. 

To  these  assumptions  we  will  have  to  add  two  more  conditions  of  a  rather  essential 
nature.  Since  these  conditions  can  be  more  easily  formulated  in  connection  with  our  Main 
Theorem  we  postpone  their  statement  for  a  few  pages. 

In  general,  the  differential  equation  (101)  will  have  a  unique  solution  U(x,p) 
satisfying  the  boundary  conditions  (107).  U(x,p)  depends  on  the  value  of  the  parameter  p. 
We  will  be  able  to  give  a  general  rule  which  allows  us  to  decide,  for  a  given  problem, 
whether 

u(x)  -  lim  0(x,p)  (112) 

P-M» 

exists,  and  which  are  the  boundary  conditions  satisfied  by  u(x).  We  s)iall  see  also  that 
u(x),  when  It  exists.  Is  a  solution  of  the  limiting  differential  equation  H(y)  ~  0. 

The  behavior  of  U(x, p),  as  p  tends  to  Infinity,  will  be  seen  to  depend.  In 
general,  on  three  things  only: 

(a)  On  the  number  n  -  m,  l.e.  the  difference  between  the  orders  of  the 
original  and  the  limiting  differential  equation. 
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(b)  On  r,  l.e.  on  the  way  In  which  the  n  boundary  conditions  are 
divided  between  the  two  end  points* 

(c)  On  the  sign  of  the  coefficient  bgCx)* 

2*  There  are  a  great  many  different  possible  cases  for  our  boundary  layer  problem*  In 
some  cases  U(x,p)  converges,  as  p  >  in  soste  cases  it  diverges,  and  there  are  sosm 
special  occurrences  that  are  not  covered  by  the  Main  Theorem*  This  accounts  for  the  fact 
that  the  Main  Theorem,  although  very  simple  to  apply,  is  somewhat  lengthy  to  formulate*  He 
precede  its  general  formulation  by  a  few  examples,  in  order  to  give,  without  proof,  an  idea 
of  the  variety  of  possible  occurrences*  In  the  convergent  cases  the  boundary  conditions 
satisfied  by  the  limit  function  u( x)  are  obtained  by  canceling  n  -  m  of  the  given 
boundary  conditions,  usually  taken  among  those  involving  higher  orders  of  differentiation* 
Example  1 . 

Hx,p)  z  ~  y'"  *  x^y  +  2  x  y"  »  0 
P 

with  the  boundary  conditions 

y"(a)  “  Ij  y"(»)  • 

yMe)  -  • 

If,  e.g.,  a  ~  1,  6  ~  2,  then  b^Cx)  >0  in  a<x($  and  the  solution  U(x,p)  of  the 
problem  tends  to  the  solution  of  the  differential  equation 

M(y)  ;  x^y"  +  2  x  y  -  0 

satisfying  the  boundary  conditions 

y"(8>  -  t, 

y'(6)  -  *2  ' 

which  are  obtained  by  canceling  the  boundary  condition  given  at  x  ”  a*  If  o  “  ”2, 

8  =  -1,  then  bg(x)  <  0  and  U(x,p)  tends  to  the  solution  of  M(y)  •  0  with  the 
boundary  conditions 

-7- 


I 


t 


y“(a)  - 


y’(B>  -  t. 


obtained  by  canceling  the  first  boundary  conditions  at  x  • 

But  if  a  -If  B  ~  If  the  condition  (111)  is  no  longer  satisfied  and  our  Main 
Theorem  does  not  apply. 


Example  2. 


L(Xfp)  3  (y*^*  +  cos  x»y*^*)  +  xy*  +  xy  -  0 


with  the  boundary  conditions 


y"(a)  -  t. 


y'(a)  -  t. 


If  a>  -2f  B~  -If  then  b>(x)  <  0  and  a(XfP)  converges  to  the  solution  of  the 


differential  equation 


satisfying  the  boundary  conditions 


y"  y  •  0 


y*(a)  ■  tj 
y  (0)  - 


which  are  obtained  by  canceling  the  first  boundary  condition  at  each  endpoint.  If  a  >  0. 

S  >  0  then  bg(x)  >  0  in  a  <  x  <  g.  and  alK,p)  tends  in  general,  to  the  solution  of 
y*  +  y  •  0  with  the  boundary  condltlras 


because  in  this  case  the  general  theory  requires  the  canceling  of  the  two  boundary 
conditions  Involving  the  highest  order  of  differentiation. 


a  «  2v  f  B  “  4ii  f 

then  we  have  an  exceptional  case.  Because  then  there  is  no  solution  of  y"  >  y  -  0 
satisfying  the  boundary  conditions  y(o)  -  y(  B)  •  unless  “  *4  “  h9»inf  our 

Main  Theorem  does  not  cover  these  special  values  of  a  and  B. 


Example  3. 


L(y,  P)  2  "  y***  -  *y'  -  y  -  0 


with  th«  boundary  conditions 


y*"<a»  -  Jt^  y'*'(S)  -  i, 

y'  (8)  -  tj 

y  (6)  -  tj  . 

If  a<0,  8<0.  than  >  0  and  U(x,  p)  tends  to  a  solution  of 

xy*  -  y  -  0 

with  tha  boundary  condition  y( B)  -  bacausa  tha  Main  Thaoraa  raqulras  tha  cancalln^  of 

two  boundary  conditions  at  tha  right  andpolnt  and  of  ona  boundary  condition  at  the  laft 
andpolnt*  But  If  a  >  0,  B  >  Of  l>a«  bgCx)  <  0,  than  U(Xf p)  doas  not  convarga  at  all. 


(10V 

(107) 

(102) 

(103) 

(104) 

(108) 
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We  make  the  following  aseuraptionss 


1°«  X  Is  a  real  variable. 

2°.  p  Is  a  real  positive  parweter. 

3°.  The  real  functions  a  (x)  and  b  (x)  have  at  least 

V  U 

n  bounded  derivatives  In  the  Interval 
a  <  X  <  g  . 


4°.  n  >  m  >  0  . 

5°.  a^tx)  «  1  . 

6^^.  bQ(x)  y  0,  for  all  x  In  a<x<6. 

7°.  n  >  >  Ij  >•••>  >  0 

"  "  Vi  '  V2  >•••*  ' 

Then  the  behavior  of  U(x,p)f  as  p  tends  to  Infinity,  can  be 
found  by  the  following  procedure: 

First  Step.  Find  the  remainder  s  of  the  division  of  n  -  m  by  4. 
Second  Step.  Find,  In  the  table  on  the  next  page,  the  values  of  the 
numbers  q  and  p  for  the  differential  equation  under  consideration. 


0  If  s  -  1,  bp  >  o' 
or 

a  ■  3#  bQ  <  0- 

If  3  »  1,  bg  <  o' 
or 

s  -  3,  bQ  >  0 

If  s  -  0,  bg  >  0^ 
or 

s  »  2,  b-  <  0  > 


n-BH-1  n-m-1 

then  q  »  — - — ,  p  -  — - — 


n-m-1  n-mt1 

then  q  »  — - — ,  p  -  — - — 


. .  IfO  Tirn 

then  q  -  — ,  p  -  — 


(113) 


(IV)  If  s  «  0,  bg  <  on 


s  -  2,  bg  >  0 


n-m-2  n-m-2 

then  q  •  — - — ,  p  -  — - — 


1 

Mr 

iiK 


Third  Step. 

A)  If  the  differential  equation  under  consideration  belongs  to 

one  of  the  cases  ^  ■*  ^He  table  above,  try  to  cancel  p 

of  the  boundary  conditions  at  the  point  x  •  B  and  q  of  the 
boundary  conditions  at  the  point  x  •  a,  going  in  each  group  of 
boundary  conditions  from  those  containing  higher  derivatives  to  those 
with  lower  derivatives-  This  is  only  possible,  if  there  are  enough 
boundary  conditions  on  either  side  to  be  canceled. 

B)  If  the  differential  equation  under  consideration  is  of  the 
type  IV,  proceed  first  as  under  A).  Fran  the  remaining  boundary 
conditions  cancel  then  those  two  which  contain  the  highest  order  of 
differentiation  without  regard  to  the  endpoint  at  which  they  are 
given.  It  can  happen  that  the  boundary  conditions  to  be  canceled 

in  application  of  this  last  rule  are  not  uniquely  determined,  because 
one  would  have  to  decide  between  two  boundary  conditions  of  the  same 
order  of  differentiation.  We  shall  call  this  last  occurrence  the  *Case 
of  Indetermlnation*. 

Convergent  Case.  If  it  is  possible  to  apply  the  rule  of  the  Third 
Step  in  a  uniquely  determined  fashion,  then 
u(x)  -  11m  n(x,  p) 

p*m 

exists  and  is,  in  a  <  x  <  6,  that  solution  of  the  differential 


equation 


M(y)  “0 


which  satisfies  the  boundary  conditions  not  canceled  in  the  Third  Step 
of  this  rule,  provided  the  following  two  conditions  are  satisfied! 


We  use  the  circles  around  these  numbers 
distinguish  this  division  into  four  cases 
Introduced  presently. 


,  writing  0 ,  ,  in  ord 

from  another  division  into  two  cases  I, 


order  to 
I,  II  to  be 


*•  '■  eerr-* 


8**.  If  th«  boundary  conditions  not  cancalad  in  tha  ntird  Stop 
of  this  rula  ara  raplaead  by  tha  eorraapondinp  haaK>9anaoua 
boundary  conditions,  than  tha  probla*  datarainad  by  thaaa 
boundary  conditions  and  tha  dlffarantial  aquation  M<y)  •  0 
has  only  tha  solution  y(x)  =  0. 

9°.  No  two  of  tha  boundary  conditions  cancalad  in  tha  Third 
Stap  at  X  >  a  hava  ordara  of  diffarantlatlon  that  ara 
conqruant  andulo  n  ->  a,  and  tha  saaa  is  trus  for  tha 
boundary  conditions  at  tha  riqht  and  point. 

Pi variant  Casas.  If  tha  rula  of  tha  Third  Stop  cannot  ba  appllad 
bacauaa  at  ona  of  tha  andpolnts  thara  ara  not  enouqh  boundary  conditions 
to  ba  cancalad,  than  0(x,p)  will,  in  qonaral,  not  convarga,  as  p  *  ^ 
Tha  proof  for  tha  divorganca  given  in  this  Invostigatlon  is  valid  only 
under  two  assumptions  analogous  to  8^  and  9°,  which  for  thair  formula 
tlon  raquira  an  additional  remark < 

Fourth  Stap.  If  tha  rula  of  tha  Third  Stap  cannot  ba  applied  bacausa 
tha  number  of  tha  boundary  conditions  at  one  endpoint  is  smaller  than 
tha  boundary  conditions  that  would  hava  to  ba  canceled,  then  cancel  all 
the  boundary  conditions  on  this  side  and  so  many  boundary  conditions  on 
the  other  side  (going,  as  before,  from  higher  to  lower  order  of 
differentiation)  that  m  uncancelad  boundary  conditions  remain.  Than 
we  make  the  assumptions: 

8°' .  If  the  boundary  conditions  not  cancelled  in  the  fourth  stap 
of  this  rule  are  replaced  by  the  corresponding  homogeneous  boundary  con¬ 
ditions,  than  tha  problem  dateminad  by  these  boundary  conditions  and  tha 
differential  equation  M(y)  >0  has  only  tha  solution  y(x)  =  0. 

9  .  No  two  of  the  boundary  conditions  canceled  in  the  fourth  step 

at  X  ••  a  have  orders  of  differentiation  that  are  congruent  nK>dulo  n  -  m, 
and  tha  same  is  true  for  the  boundary  conditions  at  tha  right  endpoint. 


12 


T 


i 

'Si 


Conclusion  In  th«  dlvrgant  case. 


1 >  If  the  rule  of  the  third  step  cannot  be  applied  because  at  one  of 
the  endpoints  there  are  not  enough  boundary  conditions  to  be  canceled,  and 
if  conditions  8°  and  9°  are  satisfied,  then 

liai  n(x,p)  •  to,  for  all  x  in  a<x<6  . 

P-M> 

2)  If  the  rule  of  the  third  step  cannot  be  applied  because  of  indeter- 
•inatlon,  and  if  8**  and  9^  are  satisfied  for  each  of  the  two  possible 
ways  of  applying  the  cancellation  rule,  then  U(x,p)  does  not  converge,  as 
p  ■»  o  but  reaains  bounded. 


4,  The  reader  is  advised  to  check  the  examples  given  in  $1  in  the  light  of  the  Main 
Theorem,  In  example  2,  in  particular,  we  discussed  a  case  in  which  assumption  8°  was  not 
satisfied.  We  now  give  an  example  trtiere  assumption  9°  is  not  satisfied: 


Example  4,  n  •  S,  m  >  2,  b.  >  0, 


y"Mo>  -  t, 


y*  («)  - 


y'^Ne)  -  t. 


y’  (8)  -  t. 


y  (o)  -  *5 

Here  n-m  •  3,  hence  s  •  3,  From  table  (113)  we  find  q  •  1,  p  •  2, 

The  two  boundary  conditions  that  are  to  be  canceled  at  x  -  8  have  the  orders  of 
differentiation  4  and  1,  But  4=1  (axid  n-m),  in  this  case.  This  means,  assumption  9**  is 
not  satisfied,  and  the  Main  Theorem  does  not  apply.  However,  if  b^  <  0,  then  9°  is 
satisfied,  and  we  can  be  sure  of  the  convergence  of  U(x,p), 

It  is  an  open  question  whether  U(x,p)  can  converge  even  if  9°  is  not  satisfied.  It 
seems  unlikely  to  the  author  that  the  Main  Theorem  remains  valid  in  those  cases. 

The  next  example  is  of  the  type  which  we  have  called  the  case  of  indetermination. 


Example  5.  n  -  3,  m  -  1,  bg  >  0, 

y'(a)  «  ij  y(e)  - 

y  (o)  - 

Here,  n-m  -  2  and  therefore  8-2.  Table  (113)  shows  that  this  is  the  case 
that  p  -  q  -  0.  The  rules  of  the  Main  Theorem  would  require  the  canceling  of  the  two 
boundary  conditions  Involving  the  highest  derivatives.  This  cannot  be  done  In  a  uniquely 
determined  way,  since  y{  0)  -  1^  just  as  well  as  y(  a)  -  might  be  canceled  In  addition 
to  y'(a)  -  ty  Hence,  this  Is  the  case  of  Indetermlnatlon,  and  U(x,p)  does  not 
converge . 

The  rest  of  this  chapter  Is  devoted  to  the  proof  of  the  Main  ‘nteorem. 

§3.  Asymptotic  Solution  of  the  Differential  Equation  L(x,p)  -  0  . 

5.  As  pointed  out  In  the  introduction  the  principal  tool  of  our  proof  of  the  Main  Theorem 
is  the  theory  of  asymptotic  solution  of  differential  equations  Involving  a  parameter.  We 
begin  by  defining  what  we  shall  understand  by  asymptotic  equality  In  this  Investigation. 
Definition;  The  functions  f(x,p)  and  g(x,p>  are  said  to  be  asymptotically  equal  In  an 
Interval  a  <  x  <  6,  If 


..  .e(x,d) 

f(x,p)  -  g(x,p)  +  - . 

P 

Here  a  >  0,  (but  not  necessarily  an  Integer),  and  E(x,p)  Is  a  function  such  that  there 
Is  a  positive  real  number  R  so  that  |E(x,p)|  Is  uniformly  bounded  for  a  <  x  <  B,  and 
p  >  R. 

If  a  function  f(x,p)  Is  asymptotically  equal  to  a  function  F(x)  independent  of 
p,  we  shall  write 

f(x,p)  -  (F(x)) 
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1 


Mote  that  the  symbol  [F(x)]  does  not  describe  the  function  f(x,P)  uniquely, 
correct  to  conclude  from 

f,(x,P)  -  [F(x}I 

and 

fj(*,P)  -  lF(x)) 


that 


fy(x,P)  -  f^CXrP)  . 


It  is  not 


6.  Using  Noalllon's  method  the  following  theorem  can  be  proved. 

Theorem  1;  If  the  assumptions  1®  -  6®  of  the  Main  Theorem  are  satisfied,  then  the 
differential  equation  (101)  admits  a  coag>lete  set  of  n  linearly  independent  solutions  of 
the  form 


Uy(X,P) 


(V 


1,2,... ,n-m) 


Iu(x)  1  ,  (V-  n-mtt,  n-mt2,...,n> 

w-n-tm 


(114) 


(1)5) 


Here  we  are  using  the  following  abbreviations 

’/n-m 

1)  0  -  |P  I 

2)  ♦,(x),  ♦  (x),...,4  (x) 

1  ^  n~ni 

n-m  values  of 


(-bg(x)) 


1/ 


n-m 


arranged  in  such  a  way  that 


Re(4^)  >  ReC^j)  >*••>*•(♦„_,)  • 


3) 


a.COb.CC)  -  b,(t) 


1) 


n(x) 


(116) 


(117) 


(118) 
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4 

4  I 
p  I 


4)  The  function*  u^(x),  (|i  -  1,2, are  any  m  aolutlona  of  the  differential 


equation 


M<y)  -  0 


forming  a  complete  linearly  Independent  ayatem  of  auch  solutions. 

The  equations  (114)  and  (115)  may  be  formally  differentiated  at  least  n-1  times. 


tj[,^Nx,p) 


for  1  •  0,1,...,n-1. 


id/^  1 


(<^^(x)  •n(x)]  ,  (v  -  1,2,...,n-m) 


^’*^n+m^  '  »  n-m+2,...,n) 


7.  PemarVs . 


Ka  roots  of  one  and  the  same  real  function,  the  complex  functions  ^^(x)  are  of  a 
particularly  simple  structure.  If  bglx)  <  0,  then  the  are  obtained  by 

multiplying  the  (n-m)«th  roots  of  unity  by  the  factor 


|^(x)| 

A  similar  relation  holds  when  b.(x)  >  0.  More  precisely;  Set 


,  If  bp  <  0 


»1_ 

Ibp(x)  1  e""“  ,  if  bp  >  0 


Then  the  ^^(x)  are,  -  in  different  order,  -  equal  to 

...  2  ^  n-m-1 

h,  ke,  kc  ,  ••••  ,  ke 


rurtharaor*!  sine*  th*  at*  th*  roots  of  •  raal  nuabar,  tha  aaqaanca  of  tha  ^^(x) 

consists  of  pairs  of  conjugate  nusbars*  Hanca,  In  (117)  tha  *>"  and  tha  "•'*  signs 
altarnata. 


§4.  Outlina  of  tha  Asyptotic  Solution  of  tha 
Boundary  Valua  Prohlas 

8.  Ha  try  to  rapraaant  tha  solution  of  tha  boundary  valua  problaa  dafinad  by  (101)  and 
(108)  in  tha  fora 


n 

0(x,p)  -  I  c  (p)  D  (x,p)  .  (125) 

v1  '' 

If  such  a  solution  axists<  than  tha  function  c^(p)  ara  solutions  of  tha  aystaa  of  linaar 
aquations 

n 

I  c^(p).Lj^(0^)  -  (I  -  1,2, ...,n)  .  (128) 

tJslng  (108)  and  substituting  for  tha  (l(x,p)  tha  axprasslons  (114)  wa  find,  for 
V  ••  1,2, •••  ,n-ai, 


Li(O^)  - 


0%  (y^  (6)n(B)l,  (i  -  i,2,...,r) 

^  ^  ,(v*1,2,*»,  ,n~a) 

o  ^  l'P^*’(a)n(u)l,  (1  ■  r*-1»  r+2,...,n) 


(127) 


whara 


'  (V-  1,2,....n-*)  . 

V  *  ®  V 


For  V  “  n-a*'1. 


,n  wa  hava,  bacauaa  of  (115), 


■  ‘Wn*.»' 


(128) 


(128) 


From  the  inequalities  (117)  it  follows  that  similar  inequalities  hold  for  the 
quantities  (v“  1, 2, . . .  ,n-m) ,  i.e. 

Re(w.)  >  Re(w  )  >•••>  Re(w  )  .  (130) 

1  2 

In  order  to  find  the  c  (p)  of  (125)  from  (126)  we  have  to  calculate  the  determinant 


L,(U,) 

LflUj) 

....  l.,(U„) 

LjlO,) 

•  •  •  « 

LjlUj) 

•  •  • 

....  I-j(U„) 

•  •  •  4 

L„(U,) 

•  •  • 

^n<«2> 

....  L„(U„) 

and  the  determinants  “  1,2, 


,n),  obtained  by  replacing  the  v-th  column  of 


&( p)  by  the  column 


The  coefficients  o^(p)  «re  then  given  by 


A  (p> 

c  (p)  ”  ■  y .  ■ 

V  A(  p) 


( V  "  1,2, .. . ,n) 


(1.32) 


and,  if  we  substitute  (132)  in  (125)  we  obtain  the  form 


n  A  ( p) 


for  the  solution  U(x,p)  of  our  boundary  value  problem. 
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9.  Our  aim  is  now  to  calculate,  with  the  help  of  the  asymptotic  expressions  (114),  (115) 
and  (127),  (129)  the  asymptotic  value  of  the  right  number  of  (133).  The  first  and  most 
important  part  of  that  calculation  consists  in  finding  the  asymptotic  value  of  the 
determinant  d(p).  The  asymptotic  ealeulatlon  of  the  &^(p)  does  not  offer  new 
difficulties. 


|5.  W>e  Asymptotic  value  of  A(o) 

10.  As  a  consequence  of  (127)  and  (129)  all  the  tenas  of  the  expansion  of  d(p)  are 
obviously  of  the  form 


Iltlo 


S  dv 


with  real  S  and  real  or  complex  V  and  It. 
Definitions  Two  expressions 


K,  -  tv,)  a 


Si  dV, 


s  dv 

Kj  -  (Vj)  d  e 


with 


V,  »•  0,  kj  0 

and  real  and  Sj  will  be  said  to  be  of  equal  order  of  magnitude  if 

Ro(V,)  .  RelVj) 

and 


Si  -  Sj 


If 


Re(V,)  >  Re(V2) 


Re(V,)  -  RelVj),  but  S,  >  Sj 

then  K,  is  said  to  be  of  higher  order  of  magnitude  than  Kj,  and  vice  versa. 

If  K,  is  of  higher  order  of  magnitude  than  K^,  than  we  can  obviously  write 

S  dV 

K,  ♦  Kj  -  Ik,)  d  e 
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Th«  SUB 

I  tkj  0*  ■  (134) 

(1) 

of  all  th«  tatMa  of  highest  c  ler  in  A(  p)  is  the  asymptotic  expression  of  A(  p)  for 
large  p«  unless  all  the  V  are  alike  and 

(I) 

I  k  -  0  . 

4. 

01 

In  this  latter  case  (134)  reduced  to 

,  ,  S  ''l 
[01  a  • 

and  an  asymptotic  calculation  of  &( p)  would  have  to  take  Into  account  terns  of  lower 
order  of  magnitude  In  the  expansion  of  M  p) ,  as  well  as  the  later  terns  In  the  asymptotic 
solutions  of  our  differential  equation.  The  exclusion  of  this  exceptional  case  from  our 
theory  will  compel  us  to  Introduce  the  conditions  8*  and  9*  of  t)ie  Haln  Theorem. 


11.  If  the  values  (127)  and  (129),  for  the  substituted  Into  the  expression 

(131)  and  Mo),  It  Is  seen  that  the  last  m  columns  of  the  determinant  form  the  matrix 
of  n  rows  and  n  columns 


[l.,(u^)]  (L^(u2)]  •  •  ♦  lL,(u^)] 
[L2(u,)]  (L2(u2)1  •  •  •  [Ljlu^)! 


I  (L„(u^))  ll'n(“2*^  .  •  •  [L„(u^)) 


(135) 


All  the  minors  of  this  matrix  have  an  order  of  magnitude  not  greater  than  that  of  1 . 

'Ria  elements  of  the  first  n-m  colusuis  of  A(  p)  are  given  by  (127).  In  order  to 
find  the  asymptotic  value  of  a( p)  we  expand  &(  p)  In  terms  of  Its  n-m  first  columns 
and  Investigate  the  order  of  magnitude  of  the  minors  In  this  expansion. 


-20- 


12.  Lemma  1 :  Let  D(p)  be  that  minor  of  the  determinant  &(  p)  which  Is  formed  by  the 


first  n-m  columns  of  A(pi  and  by  Its 


th  th 

ll  .  ij 


,  i 


th 


rows,  with 


1,  <  Ij  <  .  .  .  < 


If  then  the  first  h  of  the  numbers  1  are  less  than  or  equal  to  r,  then  the  order  of 


Butgnltude  of  D(p)  la  not  greater  than  that  of 


h 

o  I 

T 

a  e 


(136) 


where 


h  n~m 

T  -  I  \  +  I  Ti  •  (137) 

w*  1  u  (/“ht  1  (j 

Proof :  Prom  (127)  and  (131)  we  see  that  each  of  the  first  h  rows  of  D(p)  contains  the 
factor  n(6>t  while  each  of  the  remaining  rows  contains  the  factor  n(a).  Hence,  we  can 
factor  In  D( p)  the  expression 


n-m-h 

n  (  8)  n  ( o) 


Purthermore,  we  see,  that  the  first  row  of  D( p)  contains  the  factor  o  ,  the  second 

Xl  X 

row  the  factor  a  ,  etc.,  and  finally  the  h-th  row  the  factor  a  .  Similarly,  we  can 
factor  In  the  remaining  rows  of  D(p)  the  expressions 

^1  ^1 
h+1  h+2  n-m 

<3  ,0  ,  •  •  •  ,  o  , 

respectively.  Altogether  we  can  factor  in  D(p)  the  expression 


n-m-h 

n  ( 8)  n  (o)  o  , 
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where  T  has  the  value  of  (137).  Then  D(p)  can  be  written  In  the  form 


1 


K 

OW^  t, 

e  (6))  •  * 


ow  1 

•  •  e  " 


n-m-h 

D( p)  "  n  ( B) n  (a)  a 


t^,  "'"(a)) 


I^„  ""“(a)) 
n“in 


Now  we  expand  the  remaining  determinant  with  respect  to  the  minors  of  its  first  h  rows. 
Each  term  of  this  expansion  contains  an  exponential  factor,  and  none  of  these  exponential 
factors  is  of  greater  order  of  magnitude  than  the  one  originating  from  the  minor  formed  by 
the  first  n-m  rows  and  columns  of  the  determinant  of  (138).  For  the  exponential  factor 


in  this  term  Is 


h 

o  I 


and  because  of  (130)  no  sum  of  h  w  's  has  a  greater  real  part  than  ^  w^.  Hence,  the 

order  of  magnitude  of  D(p)  Is  not  greater  than  that  of 

h 

0  I 

T  \X"1 
o  e  . 

It  may  be  less,  for  we  have  to  take  into  account  the  possibility  that 


i.*"  »<»♦ 


V 


h 

0  i  * 

7  \JB  1 

0(p>  •  fOl  o  • 

Remark ;  If  Re(wj|^^)  <  Re(w^),  than  there  la  only  one  term  of  maximal  order  of  magnitude 
in  the  expansion  of  the  determinant  of  (138)  with  respect  to  ita  flrat  h  rowa.  But  if  we 
have  Re(W|j^^)  -  ReCwj^)  (compare  section  7  and  the  definition  of  the  w^  formula  (128)), 
then 

h  h-1 

R«(  I  -  «•(  I  -h+l)  ' 

\^1  \^1 

and  we  have  therefore  a  second  term  of  maximal  order  in  the  expansion  of  the  determinant  of 
(140)  with  respect  to  its  first  h  rows.  But,  clearly,  theae  two  terma  cannot  cancel, 
since 

*  “h+l  • 

13.  The  question  of  finding  astong  all  the  sdnors  of  tt»  first  n-m  columns  of  A(p)  t)ie 
one  of  highest  order  reduces  now  to  the  two  questions s 

(a)  which  selection  of  n-m  rows  in  &(p)  leads  to  an  expression  (136)  of  highest 
order,  and, 

(b)  when  does  the  minor  corresponding  to  this  selection  actually  have  the  order 
Indicated  by  (136). 

In  answering  the  first  question  several  cases  are  to  be  distinguished.  For  this 
distinction  the  number  of  ip^(x)'s  which  have  a  positive  real  part  plays  an  essential 
role.  Let  us  call  this  number  p.  From  the  definition  of  the  ^  's  it  is  clear  t)iat  p 
depends  on  the  sign  of  bg(x)  and  on  the  remainder  of  the  division  of  n-m  by  4.  A 
simple  calculation,  which  we  omit  here  shows  that  p  has  the  values  Indicated  in  the  table 
(113). 

We  distinguish  the  following  cases: 

I.  Rei'f  ^  0,  for  all  v  ■  1,2,...,n-m 

A)  r-p  <  0 

B)  0  <  r-p  <  m 

C)  r-p  >  m 
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II.  Ra(^^)  -  0,  for  some  v  . 

A)  r-p  <  0 

B)  0  <  r-p  <  n*-7 

C)  r-p  >  m+2  . 

Remarka i  Remenberlng  the  definition  of  the  we  see  Immediately  that  case  II  of  (139) 

occurs  only  when 


n-m  =  0  (mod  4)  and  <  0 


(140) 


n-m  =  2  (fsod  4)  and  b.  >  0 
0 


Case  II  Is  thus  seen  to  be  equivalent  with  the  case  (iv)  of  table  (113).  In  this  case 


© 


the 


ilwaya  exactly  two  functions  with  vanishing  real  parts.  In  the 


arrangement  of  (117)  these  are 


,^(x)  and  ^(x)  . 

p+1  pi-2 


Casa  I  of  table  (139)  corresponds  to  the  cases  -  ^l7^  of  table  (113).  In  these 
cases  the  number  q  of  table  (113)  la  equal  to  n-m-p.  It  follows,  therefore,  that  the 
condition  IC  of  (139)  can  be  re-wrltten  In  the  form 

(n-r)  -  q  <  0  . 

In  case  (113),  which  we  have  seen  to  be  equivalent  to  case  II  of  (139),  we  sea  from 

(113)  that 


q  «  n-ai-p-2  , 

and  therefore  IIC  Is  also  equivalent  to  (141).  Hence,  we  can  say,  that  In  case  I  as  well 
as  In  case  II  of  (139) 

A)  Is  the  case  In  which  the  canceling  rule  of  the  Main  nieorem  cannot  be 
followed  because  there  are  not  enough  boundary  conditions  at  x  •  6. 

B)  la  the  case  In  which  the  canceling  rule  can  be  followed. 

C)  Is  the  case  In  which  the  canceling  rule  cannot  be  followed,  because  there 
are  not  enough  boundary  conditions  at  x  -  a. 
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14.  W*  treat  the  ceae  I  of  (139)  first.  According  as  to  whether  we  are  in  the  case  lA, 


IB,  or 

IC, 

we  consider  then  the 

minor  0  (p),  D.  (p), 

A  D 

Dq ( p)  formed 

by  the 

n-m  first 

columns 

of 

the  determinant  A(p) 

and  by  the  rows 

1,2,  •• 

(case  A) , ( 142a) 

1#-2,  •  • 

.P; 

a  a  a  < 

r+1. 

r+2p  . 

a  ,  t*n-Ur~P  a 

(case  B),(142b) 

r+2,  . . 

sap  n  a 

(case  C) ,( 142c) 

respectively.  Using  leana  1  we  shall  show  that  in  each  ease  the  elnor  thus  defined  is  -  In 
general  -  of  the  highest  possible  order  of  magnitude  among  all  the  minors  of  the  first  n-m 
columns  of  d(p). 

Case  A)  The  expression  (136)  has  the  highest  possible  order >  if  the  rows  of  the  minor 

h 

are  chosen  in  such  a  way  that  J  w  has  the  greatest  possible  real  part.  In  case  lA 

\^1 

this  means  that  we  have  to  choose  h  •  r.  For  h  can,  -  by  definition,  -  not  be  greater 

than  r  and,  on  the  other  hand,  all  w^  with  v  <  r  have  positive  real  parts  in 

conseguence  of  the  condition  r’*p<0.  In  order  to  make  T  in  (136)  as  ^reat  as  possible  we 

n-m 

have  then  to  choose  for  the  remaining  n-m-r  rows  of  the  minor  those  for  which  J  t. 

ji»h+i  VI 

is  greatest.  Since  the  are  arranged  in  order  of  decreasing  sire,  this  is  the  case,  if 

we  choose  the  rows  r+1,  r+2,  ...,  n-m.  This  is  exactly  what  we  have  done  in  (142a). 

h 

Case  B)  Here,  taking  h  -  r  %fould  not  make  the  real  part  of  J  w  a  maximum 

v1 

because  we  have  r  >  p  and  the  sums  would  therefore  include  v^'s  with  negative  real 
part.  Instead,  we  have  to  take  h  “  p  including  thus  all  the  v^’s  with  positive  real 
part  and  only  those.  (137)  shows  then  that  taking  the  first  p  rows  of  d(  p)  gives  the 
greatest  contribution  to  the  exponent  T.  For  the  remaining  n-m-p  rows  we  take  the  rows 
r+1,  r+2,  ...,  r+n-m-p  in  order  to  make  the  second  aum  of  the  right  number  of  (137)  a 
maximum.  This  is  possible  because,  in  consequence  of  (139),  r+n-m-p  <  n,  in  this  case. 
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Case  C)  Here  tie  reason  as  In  case  B.  But  since  rtn-m-p  >  n  In  this  case,  taklnq 
the  rows  r+l,  r>2,  n  In  addition  to  the  rows  1,2,  ...,  p  would  not  be  enouqh  to 

have  n-m  rows  altogether.  We  must  therefore  choose  h  •  r-m.  In  order  to  have  n-m 
rows,  and,  as  before,  we  see  that  T  la  greatest.  If  we  take  the  first  r-m  rows  of 

A(p). 


Comparing  (142b)  with  the  third  step  of  the  rule  of  the  Main  nieorem  we  see  that  the 
numbers  of  (142b)  are  just  the  subscripts  of  the  boundary  conditions  canceled  In 
application  of  the  Main  nieorem  In  the  cases  >  when  the  canceling  is  possible. 

Similarly,  (142a)  and  (142c)  contains  the  subscripts  of  the  boundry  conditions  canceled  In 
the  fourth  step  of  the  Main  theorem  In  the  cases  .  The  reason  for  this  fact 

will  appear  In  the  course  of  our  proof. 


IS.  The  considerations  of  section  14  are  not  sufficient  to  prove  that  the  minors  D^(p), 

0.  (p),  D  (p),  respectively,  really  do  have  higher  order  than  all  the  others  (compare 

D  C 

section  12).  To  Investigate  this  question  let  us  calculate  D  (p),  D.  (p),  D  ( p) 

ADC 

explicitly.  Since  we  are  most  interested  in  case  IB,  which  we  shall  see  to  be  the 

convergent  case,  we  discuss  0.  (p)  first. 

b 

In  order  to  calculate  D.  (p)  we  mite  D.  (p)  in  the  form  (138).  This  means  that  we 

D  JO 

interpret  the  numbers 

^1'^2 . '^n-m 

of  (138)  as  being  the  numbers  (142b),  in  the  same  order.  Hence,  the  number  h  of  (138)  is 
in  this  case  equal  to  p.  From  the  definition  of  p  and  the  w^  it  follows  that 

^  Re(Wp)  . 

The  term  originating  from  the  minor  of  the  first  p  columns  in  the  expansion  of  the 
determinant  (138)  in  terms  of  its  first  p  rows  Is  therefore  the  only  term  of  maximal 
order  of  magnitude  In  this  expansion.  We  obtain  therefore 

P 

0  I  w 

n-m-p  T. 

Djj(p)  »  (n*’(B)n  (o)  ’  \  ®  (143) 
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with 


and 


! 


X  ♦ 


V 


r*n-»-p 

I 

(Tptl 


t 

u 


(144) 


(6)  • 


•  •  *  (  S) 

P 


•  •*  *^(3) 
P 


(145) 


n-« 


.  r+n-»-p,  . 

Vi 


(146) 


(134)  i«  valid  also  for  p  «  n-a  and  for  p  •  Op  if  we  define 
•  1,  for  p  “  n-a.  n(x)  Is  an  exponential  function  p  hence 
0.  (p)  has  therefore  the  order  of  magnitude  of 

D 


Ajj  ■  1,  for  p  -  Op 
ti(6)  ^  Op  n(o)  >•  0. 


and 


If  Ajj  ^  0  and  0. 

Lemma  2;  A^,  0  If  and  only  If 

t  Xjp  (mod  n-a)»  (Ipj  •  0p1,...pp)  (147) 

and  ^  0  If  and  only  If 

T  t  T.p  (mod  n-m)f  (X,t»  r+1p  .pppr+n-a-p)  p  (148) 

n  t 


Proof;  The  statement  Is  trivial p  as  far  as  Aj,  Is  concerned.  If  p  »  0,  For  p  >  0  we 
remember  from  {3,  section  7,  that,  with  the  notations  used  there,  the  '^^(x)  are.  In 
different  order,  equal  to 


I 


Wx),  k(x)e,  k(x)e*,  •  .  •  .  ,  Mx)e'*"*'’  .  (124) 

In  the  ord«r  of  (124)  tha  ara  rapraaantad  in  tha  coaplax  plana  by  a  saquanca  of 

auccaaalva  points  on  t)ia  clrcla  of  radios  |1c|«  It  la  aasy  to  aaa  that  tha  numbers  >^^(B)> 
^2^^'  *  *  *  >  than.  In  dlffarant  ordar,  aqual  to  tha  numbars 

k(6>e*^*’,  k(B)e^**,  •  •  •  ,  k(B)c^*’  (149) 

whara  t  Is  a  cactaln  Intagar  which  is  only  datarmlnad  modulo  n-m.  Substituting  tha 
axprasslons  (149)  Into  (147)  wo  find 


\pi  ' 
t  k(B) 


(tt1)X, 


(tt1)X 


(ttp)  1, 
e 


(tfp)  X 
c 


(150) 


Mow  wa  sat 


This  allows  us  to  writs  (150)  In  tha  form 


(  V  ■  1,2,, « «,p) 


\p1 


Ajj  -  ±  k(B) 


t-*-1 


t+p 

•  •  •  c* 


t+1  tfp 

^  •  S 


(151) 


wh*r*  V(  . . . ,  la  tha  Vandantonde  datarainant  of  (^'(2'***'^*  ^ha 

Vandaraonda  datarainant  vanlahaa  If  and  only  If  two  of  Ita  rows  ara  aqual,  la  aaro  If 

and  only  If  soaa  of  tha  ara  allka.  But  froa  (1S1)  wa  saa  that 


aaans 


C 


J 


or,  bacauaa  of  tha  definition  of  e  In  foraula  (123), 

1  Xj  ,  (aod.  n-a) 

This  provas  tha  part  of  laaau  2b  that  la  concernad  with  nia  proof  for  la  exactly 

analogous,  and  la  therefore  left  to  tha  reader. 

The  reader  will  readily  aea  that  slallar  results  hold  for  D  ( p)  and  D  ( p) .  nie 

A  C 

only  real  difference  In  tha  reasoning  coaas  fron  the  fact  that  In  these  cases  there  aay  be 
two  taras  of  aaxlaal  order  In  the  expansion  of  (140).  But  since  these  teras  cannot  cancel, 
this  does  not  essentially  affect  our  arguaent.  we  restrict  ourselves  to  stating  tha 

results  in  these  cases > 


T  "  ^  “v 

o^lp)  “  (ft^J  o  *  a 

r-m 

_  o  I  W 

T  **1  '' 

c  c 

where 


r 

l 

X  + 

n-m 

1  \ 

Vl 

V 

l^r+1 

r-* 

I 

X  + 

n 

i  T 

w«1 

V 

lf*rt1  “ 

(  153) 


(154) 


(155) 


(156) 


and  and  are  two  constants,  with  respect  to  which  the  following  two  leasMS  holdt 
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Lemma  2a  t  0|^  ^  0  If 


and 


^  X^/  >od  n-B,  (l,j  ■  1,2, ...,r) 


(157) 


Tj^  i  Tj,  a»d  n-B,  (k,t  »  r+1. 


,n-B) 


tBnma  2c:  Q_  f*  0  If 
■  ■  ■  —  *c 


X^  /  Xj. 

mod  n-m. 

(i,j  -  1,2,., 

. . ,  r-B) 

\  ^  'l' 

mod  n-B, 

(k,i  -  r+1,.. 

>.,n) 

(158) 


Remark:  From  these  Xeasuks  and  the  rsBark  at  the  end  of  section  14  we  recognise  that  the 
conditions  (147)  and  (148)  are  equivalent  with  the  assuaptlons  9*  of  the  Main  TheoreB  while 
(157)  and  (158)  are  equivalent  with  9*'.  Note,  however,  that  our  reasoning  so  far  does  not 
cover  the  case  II  of  (139),  which  %ie  have  seen  to  be  the  same  as  the  case  (l1^  of  (113). 


16.  The  cofactor  of  the  minor  0^(p)  in  A(p)  is  that  minor  of  the  matrix  (135)  which  is 
formed  by  the  m  rows  of  A( p)  not  contained  in  D^(p).  Let 


. 

*  •  *  •  Vi'V 

^‘“l’ . 

♦  •  •  •  L  (u  ) 

r  w 

^r+n-m-p+l***!  ^ 

•  •  •  •  Xf 

r+n-m-p+ 1 

^n‘"l>  . 

♦  •  •  •  L  (u  ) 

n  ra 

0  (p)  is  of  the  form 

O 

(u_) 


(159) 


±  ly  . 

We  now  introduce  the  assumption 

0,  in  case  IB  .  (160) 

This  condition  will  be  seen  later  to  be  equivalent  with  the  assumption  8*  of  the  Main 


Theorem  in  the  cases 


Then  the  term  t  (5^1  !■  the  term  of  greatest 


order  of  aegnitude  In  the  expanelon  of  &(p)  In  terms  of  its  first  n-a  coluans*  Hanca« 
(143)  gives 

T  “  \  "v 

A(o)  "  •  ^)  0  e  /  in  esse  IB  /  (161) 


where 


nra-p 

Qjj  -  ±»^^(6)  ‘nlo) 


(162) 


Similar ly,  if  we  define  6^  and  6^  as  the  limits  -  as  p  -  of  ths  aatrix  (135) 
foraed  with  the  rows  of  D(p)  not  occurring  in  D  (p)  and  0  (p),  respectively,  and  if 

m  C 

we  introduce  the  assumptions 


6  0/  in  case  lA 

a 

£  y  0/  in  case  IB 
c 


then  we  have,  In  analogy  with  (161) 


T  ”  ’'v 

d(p)  “  t(}^  •  •  O  •  > 

r-a 

_  o  X  w 

A(p)«[Q  » 

c  c 


in  ease  lA  , 


in  case  IC  • 


(163) 

(164) 


(165) 


(166) 


nils  finishes  the  asyaptotic  calculation  of  6(  p)  in  the  case  I  of  (139). 


$6.  The  Asymptotic  Value  of  the  Solution  of  the  Boundary 
Value  Problem  in  the  Case  IB. 

17.  The  method  used  in  §5  for  the  calculation  of  A(  p)  can  also  be  applied  to  the 
determinants  d^(p).  (for  the  definition  of  4^(p>/  aee  J4,  section  8). 

For  V  >  n-a,  A^(  p)  ia  distinguished  from  &(  p)  only  in  one  of  the  last  a  columns. 
In  this  case  all  the  considerations  of  |5  remain  valid  for  A^(p>i  I*  the  determinants 
6  ,  6  are  replaced  by  the  determinants  5^^  obtained  by  replacing  the 
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< 


l-(n-«)th  colxaui  of  S^t  S^(  5^  by  tha  eorraaponding 


l.a.,  by 


•  •  • 

•  •  • 

•  •  • 

•  i  or  • 

r 

*  £  * 

!+!»-•- p«-1 


and  analo^oua  formulas  hold  In  tha  t«<o  othar  caaaa* 
Hanca 


(v  >  n-m)i  caaa  IB)  ,  (167) 


and  similarly  In  tha  tao  othar  casas* 


A  (P)  ‘ 


18.  For  V  <  n*m  tha  column  of  d( p)  that  must  be  raplacad  by  tha  t^'a  in  order  to 
obtain  A^(  p)  changes  the  structure  of  the  determinant  soswwhat.  But  If  we  place  this 
\^th  colain  behind  all  the  others  (and  change  tha  sign  of  tha  datarminant.  If  necessary) , 
then  we  obtain  a  determinant  vary  similar  to  A(p).  The  only  essential  difference  Is 
t)iat  a  has  to  tie  replaced  by  m'  ~  at-l  (and  tharefora  n-m  by  n-ar>1)  and  that  w^ 
must  be  omitted  from  tha  sequence 

"  ■  *  '’*n-m* 
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A9aln  we  treat  the  case  IB  (the  convergent  case,  as  we  shall  see)  first,  and  since  we 

Vp> 

Are  skore  interested  in  ^  ^  than  in  A^(  p)  itself,  we  state  the  result  in  the  following 
font  I 

lisaaa  3:  In  case  IB,  i.e>,  if  0  <  r'p  <  m,  we  have 


-X  -ow 

o  **  e  V  <  P 


i+n-iB-p  ,  ,  ,  ^ 

a  lvl>p<v<  n-B  , 


where  the  constants  dei>end  on  the  values  of  the  t^'s  and  are  not  necessarily 

different  from  zero. 


1.)  V  <  p.  In  this  case  the  w^  to  be  omitted  has  a  positive  real  part.  Hence,  the 
formulas  for  A(  p)  can  be  applied  to  A^(  p)  if  we  replace 

p  by  p'  -  p-1 
m  by  m'  “  m+1 

and  the  sequence 


by  the  sequence 

S'-i . ''l.-m-l 

Identical  with  the  first  one  except  for  the  omission  of  the  term  w^.  Since  we  have 

0  <  r-p*  <  m'  , 

the  formula  to  be  used  in  (161).  He  obtain 

P' 

T  ®  I  ''u 
"  ‘«bv  '  '*bv’  •  a  e 


I 


p*  r«-n-«*-p' 

T  .  ~  I  \  *  I  T  . 

b  V  .  w  «  U 

<1^1  irr+1 


Not«  that  the  raasonlng  used  for  the  proof  of  Oj,  0  does  no  lon9er  hold  for 

Is  a  deteralnant  depending  on  the  It  ie  defined  as  the  cofactor  of  the  leading  minor 

tn  the  expansion  of  A  < p)  with  respect  to  its  first  n-m-1  columns-  &  is  a 

V  D  V 

determinant  of  sttl  rows- 

From  the  definition  of  p' ,  m' ,  w*  it  follows  then  that 


r-.- ! 


)  w*  •  )  w  •  w 

«  S  W  V 
bPi  (tP  1 


p-1  r+n-**p 

T.  ■  J  X  ♦  J  T 

cri  irr+l 


Comparing  these  formulas  with  the  expression  for  &(  p)  we  see  that 


Vf!.  Pbv  •  U 


-ow 

P  ,  V 


2.)  p  <  V  «  n-m-  Hare  we  reason  as  under  1.),  the  only  difference  being  that 


p'  ■  p  and  therefore 


r  -  -  ? 

.  <*•  - 

(1^1  (j"i 


p  rtn-io-p- 1 

T  -  ;  X  ♦  I  T 

(if-1  ;^r+1 


Hence,  in  this  case 


It  Is  easy  to  see  that  the  first  two  sums  of  the  right  member  of  (169)  tend  to  sero,  in 
a  <  X  <  B,  as  p,  and  therefore  a,  tend  to  infinity.  For, 


-  w  )  <0,  in  a  <  X  <  B.  *or  v  < 


Be( '^y(C)dC)  <0,  in  a  <  X  <  B>  for  v  >  p  , 


in  consequence  of  (117),  (128)  and  the  definition  of  p. 

Therefore 

u(x)  -  lim  U(x,p)  -  I  u  (x)  .  (170) 

p-K*  1^1  °b  ** 

But  if  we  remember  the  definition  of  *“<>  *“  given  in  (159),  in 

section  17,  and  in  theorem  1  (section  6),  respectively,  then  m  see  that  the  right  member 
of  (170)  la  just  the  solution  of  M(y)  -  0  satisfying  the  boundary  conditions  not  canceled 
in  application  of  the  Hain  Theorem,  and  condition  (160)  is  seen  to  be  equivalent  with 
assumption  8*  of  the  Main  Theorem  in  the  convergent  cases  (table  (113)), 


20.  Remark:  Formula  (169)  is,  in  fact,  a  complete  asymptotic  solution  of  the  boundary 
value  problem.  It  might  be  used  for  a  more  detailed  description  of  the  boundary  layer 
phenomenon.  It  can  be  written  in  the  following  simpler  and  more  symmetric  form: 

-T  ?  "Z!! 

U(x,p)  -  u(x)  a  ^  I  e  [s  n(x)) 

\^i 


.  n-m  of*  (e)de 

>  a'M  •  “  "  t 

v^p+1 


[»^Tl(X)] 


i 


^  • 


'  > 
'i 


where  T  >  t  and  X  a  X  are  the  lowest  orders  of  differentiation  occurring  in  the 

r+n-«-p  p 

canceled  boundary  conditions  on  asch  side.  An  easy  consequence  of  (169)  is,  e.g.,  the 
following  interesting 

Corollary »  Under  the  aasusgttlona  of  theorea  2  the  derivatives 

(T  -1) 

0(0, p),  U*(o,p),...,0(o,p> 

converges  to  the  value  of  the  corresponding  derivatives  of  u(x)  at  x  ~  o.  The  next 
derivative, 

r+n-sh-p 


O  (a,p) 


r+n-m-p 


converges,  as  P  but  in  general  the  Halt  is  not  equal  to  u  (o)  .  All  the 

higher  derivatives  of  U(x,P)  tend  to  infinity  at  x  •  o.  An  analogous  statement  can  be 

made  at  x  ••  6,  with  U(6,P)  ae  the  last  convergent  derivative. 

In  less  precise  language  %*e  may  express  the  statement  of  this  corollary  by  saying  that 
the  last  canceled  boundary  condition  at  each  end  point  determines  the  derivative  of 
U(x,P)  in  which  the  boundary  layer  occurs  at  that  endpoint. 

§7.  The  Proof  of  the  Divergence  in  the  Cases  lA  and  IC. 

21.  We  are  now  going  to  show  that  in  the  two  remaining  cases  U(x,P)  tends  to  Infinity  as 

P  To  that  end  it  is  sufficient  to  prove  that  one  of  the  terms  in  the  right  member  of 

(133)  tends  to  Infinity.  For  each  of  the  first  n-m  terms  of  (133)  is  of  the  form 

Y  ow^(x) 

* 


T  O  W^(x) 

If  one  of  these  terms,  say  K^o  e  tends  to  infinity,  the  whole  sum  can  resiain 

hounded  only  If  the  sum  of  all  terms  of  the  same  order  of  magnitude  as  this  particular  term 
vanishes  identically.  This  would  require  that  at  least  one  other  term  has  the  same 
exponential  factor  as  K^.  We  would  have,  e.g.. 
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I 


i 


! 


W^(x)  •  M2**>  • 


Now  all  the  H  (x)  are  of  the  form 


where  the  constant  V,.  originates  from  the  factor  ,  while  f*  <fi  (E)dE  is  the 

V  A  (p)  ■'a  V 

contribution  of  U^(x,p).  But  an  eqtiatlon  like 


Vi  +  /*  (Oi<e)dC  “  ■*■  /* 


is  impossible,  since  no  two  ifi  (x)  are  equal. 


22.  Proof  of  the  divergence  in  the  case  lA: 

Let  us  calculate  the  determinant  A  . ( p> .  In  this  case  the  formulas  for  A( p>  can 

rr  1 

be  applied,  if  tre  replace 

p  by  p*  •  p-1  (since  r+1  <  p)  , 
m  by  m‘  “  ra+1  , 

and  the  sequence 


*'1'''2 . ''n-m 


by  the  sequence 


''r''2' . *'n-m-1 


obtained  by  omitting  the  term  m^^1  from  the  sequence  of  the  w^.  As  we  have 


r-p'  <  m' 


the  formula  to  be  used  is  (165).  we  obtain 


1JI  u 

.  ,  >  t,.  I  »  e,r+1  ufI 

Vi'*”  “  ‘Vr+1  •  Vr+l'” 


It  Collovs  that 


r  n-«' 

f  “  I  *  I  T 


r 

I 

opl 


r 

I 

(ii»i 


and 


a.rti 


r 

I  ^  ♦  I  T 

UPl  “  P-^I  “ 


For 


&(  p) 


«•  obtain 


rtl 


A  ( 


KrtlArtll  "V. 

“>  “  L  ®.  *n  J” 


and  tha  rt1  at  tana  of  (133)  baeoaNa  tharatora 


A  <p) 


0^,(x.p) 


“a^r*1 


"a.r»1 


n(x) 


“T_ 


rt1 


(0<*C 


Since  r+1  <  p,  tha  exponential  factor  of  tha  right  aeabar  tanda  to  infinity  aa  p  ♦ 

If  wa  can  prove  that  tha  axpraaaion  in  brackata  doaa  not  vanlah,  than  tha  divarganca  of 
U(x,p)  ia  aaaurad*  n(x)  doaa  not  vaniah  in  a  <  x  (  0  (aaa  (11B))«  For 

can  prove  that  the  following  laama  ia  true. 

Ai  ^  0,  if  aaaumption  9*'  of  tho  Hain  Theorem  ia  aatiaflad. 

Proof;  An  alaoat  literal  repetition  of  tho  argwtnta  of  )5(  applied  to  A^^(p)  inataad 
of  to  A(p),  which  we  ahall  oadt,  ahowa  that  i«  different  from  aaro,  if  tha 

following  determlnanta  do  not  vaniah; 


39 


(6) 


and 


'a,r+1 


(S> 


a,n-l 


Vi  Vi 

A  Hi . *  (a) 

r+2  "  n-» 

^n-^1  ^n-»“1 

. (a) 

1+2  n-* 


To  thaaa  datoralnants  tha  raasonln^  of  lama  2b  can  ba  appliad,  loading 
6  . ,  la  a  dataradnant  ona  coluaui  of  which  la  foraad  of  oH't  of 

1,  •  i  will  ba  caro  for  cartaln  axcaptlonal  vluas  of  thaaa  1.. 

X  MfT*!  1 

aaauaptlon  that  the  hava  thaaa  axcaptlonal  valuaa  would  not  ba  aufflclant  to  guarantaa 
tha  convarganca  of  a(x,p)(  for  tha  r^-l  at  tar*  of  (133)  will.  In  ganaral,  not  ba  tha 
only  ona  that  haa  an  axponantlal  factor  tandlng  to  Infinity,  Wa  ahall  o*lt  tha  not 
difficult  probla*  of  finding  aufflclant  conditions  for  tha  convarganca,  Wa  will  assuaa 
Instaad,  without  aantlonlng  It  aach  tlM,  that  tha  1^  do  not  hava  thaaa  axcaptlonal 
valuaa. 

Fro*  tha  pracadlng  conaldaratlona  It  follows  that  U(x,p)  la  In  fact  dlvargant  In 
caaa  lA,  provided  that  the  asataaptlons  of  tha  Main  Thaoran  ara  satlsflad. 


axactly  to  la**a  4, 
tha  n  nuabars 
But  avan  tha 


23,  Tha  proof  for  tha  dlvarganca  of  U(x,p)  In  tha  caaa  ZC  la  analogous  to  tha  proof  for 
tha  caaa  lA,  If  tha  (r-*)-th  tar*  of  tha  su*  In  (133)  la  consldarad.  Instead  of  tha 
(r+1)st,  on  which  the  proof  In  tha  caaa  lA  was  baaad.  One  obtains  tha  axprasalon 
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V.<»> 

ttpt 


-P 


*  n<».)j 


-A  _  oil"  <f 


(E)dC  -  V  } 
0(  ir^n 


c  c 

froa  which  the  divergence  at  U(x,P)  follows  as  In  the  case  lA,  since  ^ 


f8.  The  Case  II. 

24.  The  case  II>  l.e.  the  case  when  ReCc^^^^)  Re('^p^2)  “  requires  a  special 

discussion,  because  In  our  reasoning  In  case  I  we  assumed  repeatedly  -  notably  In  section 
14  -  that  every  L^(U^),  with  1  <  r.  Is  either  of  greater  or  of  lower  order  of  magnitude 

than  all  with  1  >  r.  But  this  Is  no  longer  true  In  case  H,  for  the 

<hf  1  ow  2 

and  b^(a^2)'  because  the  exponentials  e  ^  and  e  ^  have  always  the  absolute 
value  1.  Me  stoat  therefore  ntodlfy  our  considerations  for  case  II,  from  section  13  onward. 

We  remind  the  reader  of  the  remark  made  In  section  13,  to  the  effect  that  case  II  of 
(139)  Is  equivalent  with  case  of  <113). 


2S.  The  case  IIA. 

Re-reading  sections  14-22  one  sees  that  no  modification  of  the  proofs  for  ease  lA  Is 

necessary  to  obtain  the  proofs  for  case  IIA.  All  arguisents  remain  literally  the  same.  The 

<Jw  1  ®*'d+2 

reaeon  la  that,  for  r  <  p,  e  ^  and  e  do  not  appear  at  all  In  the  asyaqptotlc 

expressions  for  A(P)  or  A^^^(p), 


26.  The  case  IIB. 

This  is  no  longer  true  for  case  IIB,  defined  by  the  inequalities  0  <  r-p  *•  m'*'2.  in 

order  to  find  the  minor  of  maximal  order  of  magnitude  among  the  minors  of  the  first  n-m 

colusma  of  4(P)  we  go  back  to  lemau  1,  section  12.  Whether  the  number  h  In  (136)  is 

h 

chosen  equal  to  p,  p*'1,  p+2,  does  not  have  any  Influence  on  the  real  part  of  ^  w  , 

h  \^1 

but  any  other  value  of  h  leads  to  a  I  w  with  a  smaller  real  part.  Which  of  these 

VW1 

three  values  has  to  be  chosen  for  h  In  order  to  make  the  order  of  (136)  a  maximum  depends 
therefore  on  (137).  h  must  be  that  one  of  the  three  numbers  p,  p^l,  p*2  for  which  the 
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and  tha  can  b«  chosan  so  aa  to  laaka  T  a  aaxlmta.  Lat  ua  call  this  naxlmum 

*’v  y 

As  In  saetlon  14  it  Is  claar  that  nust  belong  to  «■  wall 

••  Vi'  V2'’‘"  Vn-»*p-2' 

With  respect  to  tha  two  raaalnlng  taras  to  be  chosan  wa  can  only  say  that  they  must  be 
tha  two  largest  of  tha  rasMlnlng  X^s  and  t|s.  This  proves  that  tha  minor  of  greatest 
order  of  aagnltuda  aaong  all  adnora  of  tha  f Irat  n-a  columns  of  A( p)  is  in  this  case 
formed  by  tha  rows 

1,2, ...,pt  r*'l,rt-2, ....,r«-n-m-p-'2  ,  (172) 

and  two  more  rows,  which  must  bo  those  corresponding  to  the  boundary  conditions  containing 
the  highest  order  of  differentiation  excluding  those  rows  already  contained  in  the  sequence 
(172).  A  compariaon  with  part  B  of  the  third  step  of  the  Main  Theorem  shows  that  t)Mse  are 
just  the  rows  of  A(p)  belonging  to  boundary  conditions  that  must  be  canceled  in 
application  of  that  rule.  He  )cnow  from  the  proof  in  case  I  why  this  is  sot  tha  rows  of 
4(  p)  appearing  in  tha  minor  of  maximal  order  ot  t)M  first  n-m  columns  of  M  p)  are 
just  those  t)iat  do  not  occur  in  the  cofactor  of  this  minor,  and  this  cofactor  determined 
the  boundary  conditions  satisfied  by  the  limit  of  U(x,p),  if  it  exists. 

The  exceptional  case  of  Indeterminatlon  occus,  when  the  two  additional  rows  after  the 
rows  (172)  have  been  chosen,  are  not  uniquely  determined.  He  shall  assume,  for  the 
present,  that  we  have  to  do  with  the  regular  case.  Tha  case  of  Indeterminatlon  will  be 
treated  in  {9. 

Our  rule  is  so  formulated  that  it  takes  also  care  of  the  case  that  X  or  X_^_  do 

pr  1  pr2 

not  exist  because  t  “  p  or  r^pt-l. 


27.  The  minor  of.^^Np)  of  maximal  order  or  magnitude  asnng  the  minors  of  the  first 
o 

n-m  columns  of  A(  p)  can  now  bo  written 


.(II) 


d;“’(p) 


H 

O  I 

Wl 


(173) 
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where 


,(1I) 


M  rfn-a-R 

I  I 

tf«l  l^r+1 


(174) 


and  H  is  equal  to  p,  pti,  or  pt2,  as  the  case  aay  be. 

As  in  case  I  we  can  then  prove  that  ^  0,  provided  aasoaption  9*  Is  satisfied 

D 

The  cofactor  of  will  aqaln  be  of  the  fora 

D 


(4”>, 


where  defined  In  analogy  with  Assumption  8*  of  the  Main  Theorem  assures  us 

again  that 


)-  0  . 


Finally,  we  find  for  A(p),  similar  to  (161) 


Mp)  - 


(II)  o  I  w 

-  1^1 


in  case  IIB 


(175) 


28.  As  in  case  I,  we  could  now  calculate  the  determinants  A^(p>  )>y  the  method  used  for 

A(p).  But  since  we  are  only  Interested  in  proving  that 


A^(P) 
A  (p) 


U^(x,p) 


tends  to  zero,  for  v  <  n*-m,  we  shall  not  calculate  the  analogue  of  (169)  tor  this  case. 

As  In  proof  of  lemma  3  we  consider  first  the  A  (p)  for  v  <  p.  For  these  v  the 

determinant  A  (p)  does  not  contain  the  column  with  e  of  A  (p).  It  follows  from 
V  V 

leimia  1,  that  then  the  minor  of  maximal  order  among  the  minors  of  the  first  n-m-1  columns 

of  A  (p)  cannot  contain  as  factor  an  exponential  of  higher  order  than 
u 


”7 


o  y  w  -  w 

w  V 

This  Is  thsrsfors  also  ths  sxponsntlal  of  aaxlaaL  ordsr  that  can  occur  In  the  asymptotic 
expression  for  &  (x).  Iisnce« 


has  the  exponential  factor  e  ( and  possibly  exponential  factors  of  order  1) ,  and 


rT7r°v‘X'<»>  ' 


has  an  exponential  factor  whose  exponent  Is 


o(r^ 


an  expression  which  tends  to  sero  as  c 

A  (P) 

If  V  >  we  prove  similarly  that  does  not  contain  any  exponential  factors 

(except  possibly  exponentials  of  the  order  or  magnitude  of  1)>  Hence  the  asymptotic 
expression  for 


■rur«v(X'p>  '  (v>pf2) 


contains  an  exponential  factor  whose  exponent  Is 


o  f  (  V  >  pfr2)  , 


and  this  expression  tends  to  sero  as  a  * 
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29.  Jtie  two  reaalnlng  terms  of  (133)  require  a  more  careful  analysis.  We  treat  only  the 
case  V  >  pti,  the  case  v  ~  pt2  being  almost  Identical.  Similar  as  In  section  26  we  ask 
which  choice  of  n-a»-1  rows  of  A_^.(p)  leads  to  the  minor  of  highest  order  among  the 

pf  1 

minors  of  the  first  n-m-1  columns  of  A_^.(p).  This  minor  will  have  either 

p*-l 

o  ^  w  o  y  w  +  w 

‘■  01  .0)  p*’2 

0»*1  01*1 
e  or  e 

as  exponential  factor.  In  both  cases  the  asymptotic  expression  for 

A^.(P) 

aT^  Vi*’'*"’ 

will  contain  an  exponential  factor  of  the  order  of  1.  But  the  asymptotic  expression  for 

T* 

A  . ( p)  has  also  a  factor  of  the  form  a  ,  and  similarly  as  In  section  26  we  conclude 

p*-1 

that  T*  la  a  sum  which  contains  the  terms  X|»l2/...»Xp  and  the  terms 

T  To  these  terms  one  more  term  has  to  be  added  (not  two  terms  as  In 

r+2  t+n-m-p-2 

the  case  of  A(p),  because  A_^.(p)  must  be  expanded  In  terms  of  Its  first  n-m-1/  not 

pf  1 

n-m,  columns) .  This  term  must  be  the  largest  of  the  remaining  X^s  and  t^s.  Finally, 

In  the  asymptotic  calculation  of  ^7" . . ,  wo  have  to  form  0  ,  and  this  will  be 

Vi'*’’ 

the  power  of  o  occurring  In  the  asymptotic  expression  for  V  ,  0  ^.{Xrp)*  This 

A  (p) 

proves  that  the  order  of  maonitude  of  U  p)  is  not  greater  than  that  of 

o  V  p)  1 


where  s  is  the  smaller  of  the  two  terms  chosen  for  T.  g  after  X.. «  X,.  #  •  •  *  #  X  and 

— — — w  p  lip 


^rtl'  ^r+2' 


,  T  _  have  been  selected,  s  may  be  any  of  the  numbers 

r*Tn“iS“p“2 

^r+n-m*p-l'  ^r+n-m-p 


In  order  to  prove  that  the  pti  st  term  of  (133)  tends  to  zero  It  remains  only  to  show 
that  none  of  the  numbers  (176)  can  be  zeros 


•>  ■  "  I«  this  css*  ths  othsr  on#  of  ths  two  last  nuabars  chosen  for 

P»i  b 

■ust  be  because,  if  It  were  *>•  t***  •“•Hot  of  the  two, 

and  it  cannot  be  t  since 

rrn-w-p 

^r+n-B-p  ^  ^r+n-a-p-1 


and  the  two  chosen  numbers  must  be  the  largest  of  the  numbers  (176).  Since  s  must  be  the 
smaller  of  these  two  numbers,  we  conclude  that 


On  the  other  hand. 


pti  r+n-m-p-1 


^p*’  1  ^  ^r+n-Bi-p 


“  0.  1_, ,  must  be  the  last  of  the  numbers  X.  hence 

pfl  pH  1 

pti  “  r  . 

It  then  follows  from  (177)  that  t  .  cannot  exist,  in  other  words 

rrn~m^p 

r+n-m-p-1  n 


(178)  and  (179)  imply 


r+n-m-p-1  "  n 


m  •  0  , 


a  case  excluded  from  our  considerations.  Hence,  >  0. 

p+1 

b)  a  «  X_^,.  Similarly  as  in  a)  it  follows  that 
P+2 

^p+2  ^  ^r+n-m-p-1 

X_.,  -  0  would  imply  p+2  -  r  and  r+n-m-p-2  "  n,  hence 

P+2 

m  -  0  . 


c)  and  d)  s  ■  t  __,ors"T.  .We  leave  the  proofs  In  these  cases  to 
*Tn*w*p*i  r+n*ift*p 

the  reader,  since  they  follow  exactly  the  pattern  of  the  proofs  in  a)  and  b)  with  the  same 
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30.  Thus  we  have  finished  the  proof  of  the  following  theorem. 
Theorem  3«  If  the  assumptions  1*  -  9*  of  section  3  are  satisfied.  If 

0  <  r*p  <  mt2  , 


and  If 


n-m  =  0  (mod  4),  and  <  0 
or 

n-m  =  2  (mod  4),  and  >  0  , 

then,  as  p  -»  ••,  the  solution  U(x,  p)  of  the  problem  defined  by  (101)  and  (108)  converges 
In  a  <  X  <  8  to  that  solution  of  the  limiting  differential  equation  M(y)  >0  which 
satisfies  the  m  boundary  conditions  not  canceled  In  application  of  the  rule  of  the  Main 
Theorem  for  the  case  (iv),  unless  tra  have  to  do  with  the  case  of  Indetermlnatlon. 


31.  The  case  IIC.  In  case  IIC  (l.e.,  if  r-p  >  m*-2)  one  can  again,  as  In  section  23, 
consider  the  (r-m]th  term  of  the  right  member  of  (133)  and  prove  that  its  asymptotic 
expression  contains  the  exponential  factor 

^  a  r*8i  r»ift 

6 

This  Is  sufficient  to  show  that  this  term  must  tend  to  Infinity,  since  this  exponential 
tends  to  infinity  more  strongly  than  any  power  of  a  may  tend  to  sero. 


§9.  The  Case  of  Indetermlnatlon. 

32.  Imt  us  assume  that  we  cannot  decide  In  a  uniquely  determined  way,  which  Is  the  last 
row  of  M  p)  to  be  chosen  In  order  to  obtain  the  minor  of  greatest  order  of  magnitude 
among  the  minors  of  the  first  n-m  columns  of  M  p) .  This  Is  the  case  which  we  have  left 
aside  In  section  26.  We  have  seen  there  that  this  occurrence  means  that  we  have  to  do  with 
the  case  of  Indetermlnatlon  of  the  Main  Theorem. 

In  this  case  we  must  have 

where  1  Is  one  of  the  numbers  pti,  ptl  and  )(  one  of  the  numbers  rtn-m-p-1,  rtn-»-p. 
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Furtharaora,  and  T|^  auat  ba  tha  aacond  and  third  In  tlsa  of  tha  numbara  and 

•t. ,  axcludlng  tha  nuabara  X, «X.><««>X  and  t  -•  For  alapliclty 

1  lip  r+i  r+2  rTn-ii[>*P“2 

lat  aa  aaauaa  that  1  •  p»’1.  (Tha  raaaonlng  la  tha  aaaa  for  1  •  p*’2>)  Danote  by  D^(p) 
and  DjCo)  tha  alnora  of  tha  fir at  n-a  coluana  of  the  determinant  A(p)>  with  tha  rowa 

1(2, p«-1i  rM,  r^2,...,lc-l 
1,2, ...(p;  r+1,  r4-2,...,1c-1.  It  , 

reapactlvaly.  Than  D^(p)  and  are  both  alnora  of  tha  8^uaa  aaxlaal  order,  and  we 

cannot  raaaon  aa  In  aactlon  16.  But,  ualn^  formula  (138)  wa  can  write 


ow 


D^(p)  ■  F(p)  a 


p*-1 


tdil 


DjCp)  -  F<p) 


(djl  , 


where 

i  I  T  <»!  «v 

F(p).<,'"’ 

d.|  and  dj  are  certain  conatanta,  which  can  aaally  be  proved  to  be  different  from  zero  by 
the  method  of  aactlon  IS,  provided  aaauaptlon  9*  la  satlafled  for  each  of  the  two  waya  of 
canceling  correapondlng  to  0^(p)  and  to  D^Cp),  respectively. 

The  cofactora  of  tha  minora  D^(p)  and  p)  In  A(  p)  can  be  written  In  tha  form 
[5^]  and  [Sj],  where  5^  and  are  certain  conatanta.  If  assumption  8*  Is 

satisfied  for  both  ways  of  applying  the  cancellation  rule  of  the  Main  nieorem,  then  we  can 
be  sura  that 

0,  6j  0  . 

Kxpandlng  A( p)  In  tarms  of  Its  first  n-m  columns  wa  find  than 


A(p)  -  o,(p)t«,i  t  -  F(p) (a  ±  [dja^n  .  (i80) 
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33.  While  In  all  cases  so  far  the  last  n  tersts  of  the  sum  (133)  were  convergent, 
the  convergence  or  non-convergence  of  U(x, p)  depended  entirely  upon  the  first  n- 
of  (133),  in  this  case  the  last  m  terms  of  (133)  will,  in  general,  be  divergent. 
In  fact,  let  n-m  <  j  <  n.  Then  we  find  immediately  in  analogy  with  (180), 

ov 

4^(p)-F(p){e  +  tdjSjjl}  , 

where  determinants  obtained  instead  of  [5^1  and  62], 

j-th  column  of  A(  p)  is  replaced  by 


i  . 


(180),  (181)  and  (115)  show  that  the  j-th  (J  n-m)  term  of  (133)  is  equal  to 

CM 


Ajp) 


VI 


Oit 


.  .  .  . 

- J - A-  {u  (X)  ) 


+  [d^Sj] 


and  that 


n  A.  (  p) 


*'tH-1  "  " 

«  1  Id,*,,  u  (X)  )  +  I  IdjSj.u  (X)  ) 

1»n-m _ ^  1-n»m  1"n»m _ ^  1»n-m 


e  (d,6,I 


'‘*2«2' 


Because  of  the  oscillating  factor  e  this  expression  can  converge  only  if  the 

determinant 


i  d^«,,u  (X) 

j-n-m  ■*  j«n-i! 


<*1«1 


I  u  (X) 

j«n-m  ■*  j«n+m 


‘‘2«2 


vanishes,  i.e.  if 


so  that 
m  terms 

(181) 

if  the 


(182) 

(183) 
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n  «11  *21 1 

I  u  (X)  -  0  . 

j-n-«  6^  I  j-R+B 

Sine*  the  u^(x),  (u  -  1,2,...,b)  ar«.  by  aaauBption,  llnaarly  Indapendent,  thia 
leada  to  the  a  condltiona 

®  •  (184) 

The  left  aidea  of  (184)  depend  on  the  nunbera  t,,  .  (184)  rapreaenta  therefore  a 

12  n 

set  of  conditions  on  the  prescribed  boundsry  values*  As  in  the  previous  cases  %#e  assuae 
that  the  t^a  do  not  have  the  very  apeeial  valuaa  required  by  (184).  Then,  the  value  of 
(183)  oaclllatea,  aa  a  *  •,  but  reaalna  bounded. 

As  to  the  flrat  n-B  terma  of  the  euB  in  (133),  It  can  be  proved  exactly  aa  In  the 
regular  caae  IIB  (auction  27-29)  that  they  all  tend  to  aero. 

Thla  coapletea  the  proof  of  the  non-convergence  of  U(x,p)  in  the  caae  of 
Indeteralnatlon  and  also  the  proof  of  the  whole  Main  Theorem. 


34.  Remar);:  Going  over  our  whole  proof  we  see  that  the  assumption  m  >  0  was  not  used  at 


all  in  the  proof  for  case  I,  l.e.,  for  the  cases 


®-  © 


of  (113).  Hence,  all  our 


In  case  II,  l.e.  (iv),  the  hypothesis  m  >  0  was  used  only  to  exclude  a  rather 


results  in  these  cases  remain  valid  for  m  <•  0  also. 


special  occurrence  in  section  29.  It  would  not  be  difficult  to  formulate  a  general  theorem 


for  the  case  m  •  0  also. 
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PURTHER  RSStJLTS  IM  THE  CASE  n-m  -  1 
§1 .  Ganarallzatlon  of  the  Boundary  Conditions. 

35.  In  the  special  case  n-m  -  1  It  is  not  difficult  to  replace  the  boundary  conditions 
(108)  by  the  more  qeneral  ones 


\(y> 


n  (v-1)  n  (l»-1) 

I  (o)  +  I  8  y  (B) 

v«1  1I“1 


(1  ■  1/2/. ../n) 


(201) 


where  the  constants  6^^  and  are  only  restricted  by  the  condition  that  the  n 

boundary  conditions  are  Independent  and  compatible. 

We  note  first:  If,  In  (201),  the  L.  (y.  ..  j  ..  ..w 

1  ')  and  the  are  subjected  to  the  same 

linear  transformation  with  constant  coefficients  and  non-vanishing  determinant,  then  the 

resulting  equations 


n  (\^1)  n  (yl) 

-  I  y  (o)  +  I  £>;„  y  (B)  -  (202> 

w*1  yl 

constitute  a  set  of  boundary  conditions  equivalent  to  (201)  In  the  sense  that  a  function 
satisfying  (201)  satisfies  also  (202)  and  vice  versa. 

From  this  remar)c  we  see  that  we  can  assume  without  loss  of  generality  that  not  all  the 
or  all  the  are  zero,  because  In  that  case  the  boundary  conditions  (201)  would 

be  equivalent  to  ordinary  initial  conditions,  which  are  a  special  case  of  boundary 
conditions  of  the  type  (108). 

36.  Denote  by  s  the  greatest  value  of  v  for  which  at  least  one  of  the  a.  Is  not 

iv 

zero,  and  by  t  the  greatest  value  of  u  for  which  at  least  one  of  the  Is  not  zero. 

There  exists  a  non-degenerate  linear  transformation  with  constant  coefficients  transforming 
(201)  into  the  system  of  equivalent  boundary  conditions 
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(203) 


a^l 


n 

H  I 

v1 


a. 

a  iv 


(v-1) 

y  (o) 


I 

ifl 


a  ip 


(p-D 

y  (B)  - 


a‘l 


having  tha  property  that 

a.  0,  ou^  •••••■  d  “0  . 

a  It  o^t  OL  na 

Such  a  transfornatlon  can  be  chosen  In  many  ways.  Similarly,  there  Is  a  transformation 
changing  (201)  Into 


B 


n  (\>-1)  n  (p-1) 

=  J,  B“iv^  B^ip’'  ‘®’ 


)»-1 


b‘i 


(204) 


having  tha  property  that 

B®1t  ^  B®2t  B"'nt 

For  n-m  •  1  equation  (114)  and  (115)  reduce  to 


0  . 


-P 

U^(x,p)  "  o  [n(x)) 


Ui^^(x,p)  -  (u^(x))  ,  (p-  1,2,...,n-1)  . 


Let  us  assume  first  that  bg(x)  >  0.  Then  we  use  (203)  Instead  of  (201)  and 


Ismedlataly  that 


Jl.,(U^)  -  t  p*"’(bu(a)*"’  •  n(o)] 


is  of  greater  order  of  magnitude  than  all  the  other  L^(Uj^) ,  (1  •  2,3,>..,n).  Solving 
equations  (125)  asymptotically  In  this  case,  by  the  method  used  In  the  first  chapter,  we 
sea  that  wo  can  reason  exactly  as  there.  Of  the  assumptions  of  the  Main  Theorem  we  need 
only  1*,  2*,  3*,  5*,  6*  and  an  assumption  corresponding  to  8*  which  states  that 


Cl  2  n 


L  (U  ), 
an  1 


•  ' 

an  n 


*  0 


(205) 


We  see  then  easily  that  the  solution  of  (101)  and  (201)  tends,  for  n-m  “  1,  and  bg  >  0, 

to  that  solution  of  M(y)  »  0  which  satisfies  the  boundary  conditions 

I.,(y)  -  t,  ,  (1  -  2,3,... ,n)  (206) 

a  1  a  1 


but  not  the  boxindary  condition  L.  (y)  -  t.  except  for  special  values  of  the 

d  1  ot  X 

a  similar  reasoning  In  the  case  bj|(x)  <  0  we  find  that  In  that  case  u(x)  « 
satisfies  M(y)  >  0  and  the  boundary  conditions 


I's.  Using 
11m  U(x,  p) 

p-M> 


gL^(y)  -  gt,  ,  (1  -  2,3 


(207) 


provided 


^6- 


eVU)),  •  *  ‘  '  0^2' V 


*  0 


(208) 


This  result  can  bo  formulated  In  a  somewhat  more  symmetrical  form.  To  that  end  note 
that  the  boundary  conditions  (206)  do  not  Involve  any  more  the  highest  derivative  at  x  »  a 
occurring  In  (201).  any  linear  combination  of  the  equations  (201)  which  does  not  contain 
(s-1) 

y  (a)  must  be  linearly  dependent  on  equations  (206)  and  no  linear  combination  of 

(s-1)  (t-1) 

equations  (206)  contains  y  (a)  •  Similarly  for  (207)  with  respect  to  y  ( B)  •  Hence,  we 

can  state  the  following  theorem. 
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Th»or—  4i  Zf  n-a  ■  1  and  If  tha  conditions  1*>  2*«  3*,  5*,  6*  of  tho  Main 
Thaorea  of  chaptar  I  aa  wall  aa  (20S)  and  (208)  ara  satlaflad,  than  tha  function 
U(x,p)  satisfying  (101)  and  tha  boundary  conditions  (201)  tands  with  incraaslng 
p  to  a  solution  u(x)  of  H(y)  •  0.  According  as  b^  >  0  or  b^  <  0 
tha  function  u(x)  satlafiaa  all  boundary  conditions  t)iat  dapand  llnaarly  on  (201) 
and  do  not  contain  tha  hlghaat  darivativa  at  x  •  a  or  x  •  0,  raapactivaly, 
occurring  in  (201). 

Renark:  The  conditions  (205)  and  (208)  can  ba  foraulated  in  a  way  Indapandant  of  tho 
particular  choice  of  tha  fundasMntal  syataa  u^(x),  (  y  •  1,2,...,n-1) >  by  saying  that  wa 
assume  that  only  tha  function  u(x)  =0  satisfies  tha  differential  aquation  M(y)  >0  and 
tha  honoganaoua  boundary  conditions  corresponding  to  (206)  or  (207),  raspactlvaly. 

Example  >  n  ~  3,  m  -  2, 

y(  a)  -  y'  ( a)  +  y*  •  (  B)  -  t, 
y(o)  +  y'(o)  y(6)  -  y*(6)  ■  tj 

yMa)  -  2y"(6)  -  tj 

If  bg  >  0,  then  llmU(x,  p)  satisfies  the  boundary  conditions 

P-Mi 

2y(  o)  +  y(  8)  -  y’  ( 0)  +  y’  •  (  0)  -  t,  + 
y(o)  +  y(6)  -  y’(B)  ♦  2y"  ( 0)  "  "  *3  * 

But  if  bg  <  0,  then  11m  U(x,p)  satisfies  the  boundary  conditions 

y(  a)  +  y’  ( a)  ♦  y(  0)  -  y’  (  0)  -  ij 
2y(a)  -  yMo)  -  2t,  + 
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Th«  *atf  tchinq*  of  th«  Boundary  t*vr 

37.  For  the  relatively  slaq^le  types  of  bouadery  layer  problems  with  which  this 
Investigation  Is  concerned  %m  have  been  able  to  develop  a  method  that  allows  us  to 
calculate  asymptotic  expressions  for  the  solution  of  the  boundary  value  problem  ( compare, 
e.g..  formula  (171)).  From  these  asymptotic  expressions  one  can  easily  obtain  all  desired 
Information  about  the  behavior  of  the  solution  of  the  lx>undary  value  problem  near  the 
endpoints  for  large  values  of  p.  (Compare,  e.g.,  the  corollary  In  section  20). 

In  the  more  complicated  boundary  layer  probleu  occurring  In  physics  such  complete 
asymptotic  solutions  are  often  not  available.  In  those  cases  It  Is  eustoMry  to  transform 
the  given  boundary  value  problem,  by  a  change  of  the  Independent  variable.  Into  a  new 
boundary  value  problem  which  does  not  tend  to  a  problem  of  lower  order  when  p  tends  to 
Infinity. 

as  an  example  for  such  a  transformation  we  ta)ce  the  differential  aquation  (101),  for 
the  special  case 

b^(x)  >  0  . 

The  case  bQ(x)  <  0  can  be  treated  analogously.  Without  loss  of  generality  we  may  further 
assume  that 

a  •  0  .  (209) 

We  shall  refer  to  this  boundary  value  problem  as  the  problem  (L) . 

We  now  Introduce  the  new  Independent  variable 

s  -  (K  ,  (210) 

and  transform  the  boundary  value  problem  (L)  Into  an  equivalent  problem  In  s,  to  which  we 
shall  refer  as  the  problem  (L).  Let  U(x, p)  be  the  solution  of  the  problem  (L) .  U(x, p) 
or  some  of  Its  derivatives  will  have  a  boundary  layer  at  x  •  a  •  0.  The  function  U(x, p) 
Is  changed,  by  the  transformation  (210)  Into 

0(s,p)  -  U(i,  p)  .  (211) 

P 

U(z,p)  Is  the  solution  of  the  problem  (iT).  Since 

O^^Ns.p)  -  p"^  u'^^Nx.p)  ,  (212) 
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the  pcobXea  (L)  can  be  wrlttan 


t»-» 


u  P 


(2.13) 


(X.)  -X. 

y  ^  <oB)  -  tj^p 


0  <  1  c  r 


(t  )  -T 

y  ^  (0)  -  tjp 


(214) 

rfl  <  1  <  n  . 

If  «M  lat  p  tand  to  Infinity  In  tha  coafflclants  of  (213)  wa  obtain  tha  slapla 
"llaltlng”  dlffarantlal  aquation 

y*"*  +  bQ(0)  y**>  -  0  .  (215) 

It  say  bo  axpactad  that  tha  function  tl(x,  p)  tanda  with  Incroaolng  p  to  a  function 

u(s)  ••  11a  U(x,p)  (216) 

p'MB 


«ihlch  eatlsflaa  tha  dlffarantlal  aquation  (215).  Slnca  (215)  la  of  tha  aama  ocdar  aa  (213) 
wa  axpact  that  tha  function  0(x,p)  will  not  hava  a  boundary  layar  for  largo  p. 

Tha  tranaforuatlon  (210)  may  ba  doacrlbad  aa  a  atratchlng  of  tha  function  D(x,p).  If 
U(a,p)  doaa  not  hava  a  boundary  layar.  wa  hava.  In  a  way.  "atrotchad  out**  tha  boundary 
layar . 


Tha  problam  arlaaa  than  what  boundary  conditlona  aro  aatlaflod  by  tha  Halting 
function  u(a).  If  tha  boundary  layar  of  tha  function  U(x. p)  at  x  >  0  occura  In 
ll(x,p)  Itaalf  and  not  In  a  darlvatlvo  of  U(x,p).  tha  Intorprotatlon  of  (210)  aa  a 
atratchlng  which  bacoaea  Inflnlta  whan  p  -»  ••.  auggeata  that  wo  hava 

u(«)  -  u(0)  . 

whara  u(0)  la  tha  valuo  aaauoMd  by  tha  function 

u(x)  -  Ha  O(x.o)  (217) 

p»« 

at  X  •  0.  u(0)  will.  In  ganaral.  ba  dlffarant  from  tha  boundary  valua  praacrlbad  for 

U(x.p)  at  X  •  0. 
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The  trAnsfoniatlon  (210)  la  fra<iaentXy  usad  for  tha  aolutlon  of  nora  compllcatad 
boundary  Xayar  probXaaa*  Tha  foXlovrlng  polnta  ara  than  usually  takan  for  grantad  without 
proof: 

(a)  That  11m  1}(S(P)  axlats* 

p-M. 

(b)  That  tha  Halt  u(s)  satlaflaa  tha  limiting  dlffarantlal  aquation 

(c)  That  u(»)  •  u(0). 

In  our  Invaatlgatlon  tin  hava  baan  abla  to  find  an  asymptotic  approximation  for 
a(x,p)  dlractly,  so  that  «ia  did  not  naad  tha  transformation  (210).  But  wa  ara  now  abla 
to  prova  tha  atateiMnta  (a),(b).  (c),  for  our  problam  (L).  This  Is  what  %ia  ara  going  to  do 
In  this 


38.  In  chaptar  I  we  hava  derived  for  U(x.p)  the  following  asymptotic  representation 
(compare  (171)): 

•V)  p  /o 

0(x,p)  -  (itn(x)lp  e  +  [u(x)]  .  (218) 

In  this  formula  we  are  using  tha  following  abbreviations: 


,  .  ^r+1  ^1 

It  -  {-b^(0)}  -j- 


(219) 


where 


«  -  (-1) 


r+1 


L,(Ui)  . 

•  •  •  •  I.,(u  ) 

1  B 

^‘“l‘  • 

....  L^(u^) 

V2<»1> 

•  *  •  •  V2‘"m» 

V^i*  • 

(220) 


( Compare  formula  (159)), 
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•  •  •  » 


*1  •  •  •  '  ^i<v 

*2  S‘“2>  *  •  *  • 


t  I.  (u.)  •  •  •  •  L  (tt  ) 
n  n  ■  n  ■ 


(221) 


(coapar«  ■action  18) i 


and 


^(x)  -  -bp(x) 


(222) 


u(x) 


•  4, . 

V  _!±1! 

« 

1^1 


«^(x) 


(223) 


(Conpara  ••etlon  17  for  th«  "  ***  bava  droppad  t)ia  Indax  b,  usad  t)iara,  as 

unnacaaaary  )tara  -t  and  conpara  sactlon  6,  thaoran  1  for  t)ie  u^(x)). 

In  eonsaquanca  of  thaoran  1,  fomulaa  (119)  and  (120)/  wa  may  dlffarantlata  (218) 
formally  at  laast  n-1  tinaa,  l<a. 


0*^*(x,p) 


l-T 


■  (w  (x)n(x)]p 


r+1 


o(C)<*5 


[u“^Nx)], 


(i  -  0, 1,...,n-1) 


(224) 


39.  Knowing  a(x,p)  and  Its  darlvatlvaa  wa  can  now  aaally  calculate  the  function  U(s,p) 
and  Ita  darlvatlvaa  with  raapact  to  a.  For,  considering  that 

a  ^(e)«*c  ^  ^(■S)di: 

a  ”  -  *  “  P  (225) 

wa  find,  upon  substitution  of  (212)  Into  (224),  that 


u’^^(s,p) 


(ii^*’(i)  •n(^)I  P 
P  P 


r+1 


/•  ^(i)4C 


p"‘^(-)I,  (1  -  0,1 . n-1) 

P 


(226) 


Thus  wa  have  solvad  the  problan  (L). 
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Th«  rcault  of  th«  paaM9«  to  tha  lUilt  In  (226)  oan  ba  aoat  easily  axpcaaaad  by  ona 


formula  comprlalng  all  caaaa  that  can  arlaa,  if  ua  Introduea  tha  following  aynbolt 

(  i.  If  t  ,«  0 

c(t)  -  /  (227) 

I  1,  if  t  -  0  . 

Than  wa  can  writa 

u(a)  -  limO(a,p)  -  la*v>(0))a*''‘®*  e(  t^,)  ♦  u(0)  .  (228) 

Formula  (228)  ia  valid  for  d  <  a  <  m. 

Wo  can  now  confirm  tha  t)uroa  unprovad  ntatamanta  (a),  (b),  (c)  of  aactlon  37.  u(a) 
doaa  axiat,  and  it  aatiafiaa  tha  limiting  dlffarantial  aquation  (215),  aa  wa  nay  raadlly 
verify  by  aubatltution.  In  fact,  u(a)  raducaa  to  a  conatant,  unlaaa  «  0.  Finally 

wa  aao  from  (228)  that  u(  >)  -  u(0).  Thia  provaa  tha  atataaenta  (a),  (b),  (c). 

For  tha  limit  of  tha  i-th  darivativa  of  a(a,p)  wo  find,  from  (226), 

lino‘^’(*,p)  -  (ir/(0)Ja*''’‘®’c(T^,)  ,  (i  -  1,2,...,n-1)  ,  (229) 

p-M. 

which  ia  alao  tha  i-th  derivative  of  a(a).  We  conclude  from  (228)  and  (229)  that  U(0,  p) 
and  iT  (0,p)  remain  finite  aa  p  «  «,  in  other  worda,  U(a,p)  doea  not  have  a  boundary 
layer  at  x  •  0,  the  boundary  layer  haa  been  "atretched  out*. 

40.  We  have  aeen  that  the  limiting  differential  equation  (215)  ia  satisfied  by  the 
function  u(s)  obtained  by  passing  to  the  limit  in  the  solution  U(s,p)  of  the  problem 
<L) .  How  can  wo  find  a  complete  set  of  n  boundary  conditions  satisfied  by  u( a) 7 

If  we  formally  let  p  tend  to  infinity  in  the  boundary  conditions  (214),  we  obtain 
boundary  conditions 


(-)  -  e(X^) 


(i  -  1,2 


r) 


(230) 


y 


(0)  -  e(T^) 


(I  -  t+1,  r+2,...,n) 


(231) 


(T^) 


From  the  remeurk  made  at  the  end  of  the  last  section  It  follows  Immediately  that  u(s) 
satisfies  the  boundary  conditions  (231).  If  •  o>  the  last  boundary  conditions  (230) 
can  only  be  satisfied  If,  by  coincidence,  »  u(0).  He  therefore  replace  the  last 
)x>undary  condition  of  (230)  by  the  condition 

u(«)  -  tt(0)  , 

which  we  have  proved  to  be  satisfied.  The  other  boundary  conditions  (230)  are  certainly 
satisfied,  since  all  the  derivatives  of  u(s)  vanish  at  s  •  ••. 

}3.  The  tIon-Homocaneoun  Differential  Equation  l>(y)  M(y)  **  f(x). 

41.  Introduction!  It  is  an  open  question  whether  the  Main  Theorem  remains  valid  In  full 

generality  for  the  non-homogensous  differential  equation 

-  H(y)  +  M(y)  -  f(x)  .  (232) 

P 

But  we  will  be  able  to  ana%rar  this  question  In  the  affirmative  whan 

n  -  m  -  1  ,  (233) 

provided  none  of  the  boundary  conditions  not  canceled  In  application  of  the  rule  of  the 
Main  Theorem  Involves  an  order  of  differentiation  greater  than  m-1.  The  meaning  of  this 
latter  condition  Is  easily  understandable i  If  one  of  the  uncanceled  boundary  conditions  Is 
of  the  order  n-1,  then  the  boundary  value  problem  formed  by  the  limiting  differential 
equation 

M(y)  -  f(x) 

and  the  uncanceled  boundary  conditions  is  of  a  type  to  which  the  usual  method  of  solution 
by  means  of  the  Green's  Function  cannot  l>e  applied,  since  this  method  presupposes  that  the 
boundary  conditions  are  of  lower  order  of  differentiation  than  the  differential  equation. 

In  our  treatment  of  the  hoongeneous  differential  equation  the  relative  order  of 
differentiation  of  the  limiting  differential  equation  and  of  the  remaining  boundary 
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conditions  did  not  play  any  Important  rolS/  and  It  Is  by  no  msans  certain  that  the 
condition  above  Is  really  necessary  In  the  non-homo^ensous  case.  But  It  simplifies  our 
proof  greatly. 

42.  The  problem  defined  by  (232)  and  (233)  and  the  boundary  conditions  (108)  will  be 
called  the  problem  (M).  If,  Instead  of  (108),  we  prescribe  the  corresponding  homogeneous 
boundary  conditions,  we  shall  speak  of  the  problem  (M*).  He  assume  that  0<r<n,  l.e. 
we  consider  only  actual  boundary  conditions  leaving  aside  the  Initial  value  problem.  (The 
Initial  value  problem  can  be  treated  by  the  same  method.)  It  Is  easy  to  extend  the  proof 
below  to  the  more  general  boundary  conditions  (201). 

Let  Z(x,p)  be  the  solution  of  (M),  z(x, p)  the  solution  of  (H')  and  0(x,p)  the 
solution  of  the  homogeneous  differential  equation  (101)  satisfying  the  non-homogeneous 
boundary  conditions  (108).  Then 

Z(x,p)  "  *(x,p)  U(x,p)  .  (234) 

Since  the  asymptotic  behavior  of  U(x,p)  for  large  has  already  been  Investigated  In 
chapter  I  It  Is  sufficient  to  discuss  the  problem  (N'). 

43.  The  Green's  Function: 

It  Is  known  that  the  function  z(x,p)  can  be  written  In  the  form 

z(x,p)  «  f®G(x,t,p)  p  f{t)  dt  .  (235) 

<1 

The  'Green's  Function'  G(x,t,p)  can  be  constructed  In  the  following  manner: 

Let  y.(x,p),  y_(x,p)  •  .  •  y  (x,p)  be  a  fundamental  system  of  solutions  of 
12  n 

—  H(y)  +  M(y)  -  0,  and  set 

P 
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h(t,p) 


y<n-1)(^  pj  y(n  ,  ,  .  y^“  ’\t,p) 

y‘'*'**(t,p)  y‘"“*’(t.p)  .  .  •y^""**(t,p) 


y,(t,p)  yjCt.p) 


y„(t.p) 


k(x,t,p)  -  agnCx-t) 


y,(*.p) 


•  •  •  y_(**p> 
n 


y|"  ^Nt.p)  yi"  ^Nt,p)  •  •  •y^"^*(t,p) 


y,(t,p)  yjCt.p)  •  •  •  y^(t,p) 


(236) 


and 


q(x.t,p) 


1  k(x,t,p) 

2  h(t,p) 


Than 


G(x,t,p) 


(-1) 


H(x.t,p) 

A(p) 


(237) 


(238) 


whara 


and 


H(x,t>p) 


y^(x,p)  y2(x,p) 

l.,(yi)  L,(yj) 


y  (x,p)  g(x,t,p) 
n 

I.,(yn)  (,  (g) 


(239) 


t-  (y,) 

n  2 


fi  n 


L  (q) 

n 
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I 


L/Yj)  •  •  •  i<i(y„) 


t^Cy,)  LjCy^)  •  •  .  L2(y^) 


L  <y,)  !•  <y  )  •  •  •  L  (y  ) 

n  1  n  2  n  n 


t>i(g)i  i  »  1,2, ...,n,  means  that  the  operator  Lj^  Is  applied  to  g(x,t,p)  considered  a 


function  of  x. 


44.  The  asymptotic  value  of  the  Green's  Function: 


We  take  as  the  fundamental  system  yj^(x,p)  the  functions  (114),  (115)  specialized  for 


n-m  ”  1 ,  1 .  e . 


p  r  v>(c)de 

y,(x.p)  "  V(x,p)  -  e  tn(x)] 


y,^^(x,p)  -  u^(x,p)  »  (u^(x)) 


(u  -  1,2, ...,n-1). 


<P(x)  -  -  bjjlx)  . 

(Note  that  our  notations  differ  somewhat  from  those  of  chapter  I  and  of  chapter  II,  Jl.) 


We  have  then 


^(V), 


1  h‘’'» 

^1^^’  "  2  h(t,p) 


L'(Oi), 


4‘Vl^ 


(n-2)  „(n"2),,.  .  ,,(""2),^  . 

L  <k)  -  <t»P)  •  •  •  Vi 


V(t,p) 


w,(t,p)  •  •  •  a  (t,p) 

1  t\ 


4 


with 


Let  us  assume  that 


r-i  -  Li  . 

for 

i  <  r 

for 

i  >  r 

hQ(x) 

<  0 

Then 


L'(V) 


X. 

p  *^(S)  n(6)]o‘’“  ,  for  1  <  r 


h  \ 

. -p  If  (o)  n<a)]  .  for  1  >  r 


where 


Ol 


If  we  expand  (242)  in  terms  of  its  first  column,  we  see  that  in  a  <  t  <  B  the 
etc.  terms  of  the  expansion  are  of  lower  order  than  the  second  term.  Hence 

L^(k)  -  L’(V)[h(t))  -  V^""*^t,p)  , 


where 


h(t) 


u^""^’(t)  u^""^Nt)  •  •  •  u^^'^^t) 

1  2  1 

u|""^’(t)  u‘"‘’*(t)  •  •  •  u‘""^Nt) 

I  2  n*  1 


u^(t) 


•  •  U  (t) 

n-1 


and 


1((x,t)  “  sgn(x-t) 


u^(x) 


u;“-=“(t) 


Ll  •••»  (x) 

2  "n-r  ' 


(n-3),.. 

a,  (t)  •  •  •  u  ,  (t) 

2  n-1 


u^(t> 


Uj(t) 


•  •  • 


(243) 

3rd,  4th, 

(244) 

(245) 

(246) 
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Expanding  h(t/p)  In  tarms  of  Its  first  colcmn  ws  obtain  similarly 

h(t,p)  -  v‘""’*<t,p)  [h(t)),  for  a  <  t  <  8  .  (2 

h(t)  0,  bacausa  otherwlaa  UjCt),  Uj{t) , . • . t)  would  ba  llnaarly  dapandant. 
Prom  (237),  (243),  (244)  and  (247)  wa  find 


I.^(g(x,t,p) ) 


2v‘'^’\t,p) 


g(x,t) 


X(x,t) 


2h(t) 

Purtharmora,  axpanalon  of  (236)  In  terms  of  Its  first  column  yields 

)c(x.t,p)  -  sgn(x-t)  V(x,p)  (h(t))  -  v‘""^^t,p)  ()t(t)] 
and  therefore,  because  of  (237)  and  (247) 


g(x,t,p)  -  sgn(x-t)  — - 

2v‘"  ’>(t,p) 


(g(x,t)l  . 


Now  wa  substitute  (250)  and  (248)  Into  (239)  and  see  that 

H(K,t,p)  -  H^(x,t,p)  +  H2(x,t,p) 


H  (x,t,p)  -  — j— — - 

’  2v‘"  ’Nt,p) 


V(x,p) 

lu^(x)l  ♦  .  .  tu^_^(x)l,  sgn(x-t) 

V(x,p) 

1-,(V) 

•  •  • 

(L^(u^))  •  •  •  lL^(u^_^)) 

L',(V) 

•  • 

*  •  • 

L  (V) 
n 

[I.  (u  )J  •  •  •  (b  (u  )) 
n  1  n  n**  1 

•  • 

L'(V) 

n 
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V(X,P) 

tu^(x)) 

•  •  •  (u_  ,(x)l 
n“  1 

(g(x,t)l 

L^(V) 

•  •  • 

tl.,<U^)J 

•  •  •  tl<,(u  )J 

1  II"  1 

tl.,(9)l 

•  •  • 

(253) 

•  •  • 

L  (V) 
n 

•  •  •  •  • 

(V'^iH 

tVVi»’ 

•  •  • 

(L^(g)] 

The  asymptotic  expression  for  A(p)  Is  (compare  chapter  I) 

_  X, 

A(p)  -  L^(V)tAl  -  (e>  n<S)  AleP* 


•  *  •  V“n-l‘ 


L  (u  )  •  •  .  I._(U  ,) 

ft  I  n  n“  I 


As  in  chapter  I  %fe  make  the  assumption 

1^0  .  (256) 

(A  is  identical  with  of  formula  (159)  for  this  particular  case.) 

45.  Corresponding  to  the  representation  of  H(x,t,p}  as  a  sum  of  two  terms  in  (251)  we 
find,  upon  substitution  of  (251)  into  (238), 

G(x,tp)  -  G^(x,t,p)  +  G2(x,t,p)  (257) 

with 


G^(x,t,p)  -  (-1) 


^  H^(x,tp) 


H  (x,t,p) 
n  £ 


G2<*'t,p)  -  (-1) 


Using  (235)  this  leads  to  a  representation  of  the  solution  e(x,p)  as  a  sum  of  two 
integrals: 


•'  -c  ■"  .» 
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(260) 


with 


s<x,p)  -  z^(x,p)  +  ZjCx.p) 


*^(x,p)  -  /®  G^(x,tp)  p  f(t)dt  (259) 

z.(x,p)  -  f®  G,(x,t,p)  p  f(t)dt  •  (260) 

A  Q  2 

We  shall  prove  that,  as  p  tends  to  Infinity,  z^(x,p)  tends  to  zero,  while  Z2(x,p) 
tends  to  a  solution  of  M(y)  -  f(x). 


46.  In  this  section  we  are  going  to  show  that 

lira  z,(x,p)  -  lira  /®G,(x,t,p)  p  f(t)dt  -  0  .  (261) 

I  ^  Cl  i 


To  this  end  we  write  (259)  In  the  form 


z^(x,p)  »  /*  G^(x,t,p)  p  f(t>dt  +  /®  G^(x,t,p)  p  f(t)dt 


(262) 


and  prove  that  each  of  the  two  Integrals  In  (262)  tends  to  zero. 

a)  In  the  first  Integral  of  (262)  «»e  have  t  <  x.  Hence,  G^(x,t,p)  has  to  be 
determined  with  V(x,p)  as  the  last  terra  of  the  first  row  of  the  determinant  In  (252). 

In  order  to  find  an  asynptotic  expression  for  H^(x,t,p)  we  expand  the  determinant  In 
(252)  In  terras  of  the  minors  formed  by  Its  first  and  last  columns.  These  minors  are  either 
zero  or  of  the  form 


±  2  L^(V)  L^(V) 


±  2  V(x,o)L^(V) 


I  <  r 
e  >  r 


l.e.  they  are  of  the  form 


1  +T 


Iql 


T 

e 

p 


o  /*  'f(5)dC 


[q'l 


(263) 


(264) 
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are 


where  q  and  q*  are  certain  numbera  different  from  aero.  Since  and 

greater  than  all  the  other  X|a  and  t|s«  It  follows  from  (264)  that.  In  a  <  x  <  0.  the 
expression  of  highest  order  of  magnitude  among  all  the  minor  (263)  la  ±  2  L,(V)  L^,(V). 
and  no  other  minor  has  the  same  order.  Hence.  (2S2)  can  be  written.  -In  a<x<t-.  as 
follows: 


H^(x,t.p) 


(.1)'‘-^p’^’  l..(V) 


-P  -o(5)<JC 


f  ^^^(a)  n(a) 
^"■’(t)  n(t) 


v(x) 


(265 


where 


(u,(x)l . [u  ,(x)l 

I  11“  I 

. ^^2‘Vl’ 


v(x) 


(I-^(u^)l 

'V2<"l‘ 

•  •  t 

(b  (u,)l 

n  1 


rb' 


n<Vl'^ 


(266) 


Is  the  cofactor  of  the  minor  ±2  I.^(V)  I.^^^(v)  In  (252).  (265).  (258)  and  (254)  show 

that  for  t  <  X. 


G(x.t.p) 


(-1) 


vr"^’ 


-p  ^(5)dC 

% 


f  ^%a)  n(a)  v(x) 
^"■’(t)  ti(t)  1 


(267) 


and  therefore 


/*  G(x.t.p)p  f(t)dt 


(-1)  V. 


(o)  n(a)  ^  'P(e)de  F(t.p) 

6 


(268) 


with 


F(t,p) 


tit) 

n<t)] 


The  Integral  In  the  right  hand  menber  of  (268)  tends  to  zero  as  p  >  since  Its 
Integrand  tends  to  zero  In  the  Interior  of  the  Interval  and  reulns  bounded  at  the 

endpoints*  £  remains  bounded,  because  we  have  assumed  that 

T^1  <n-2  . 

Consequently,  the  left  member  of  (268)  tends  to  zero,  as  p  > 

b)  In  the  second  Integral  of  (262)  we  have  t  >  x.  Hence,  In  the  determinant  In 
(252)  the  last  term  of  the  first  row  Is  -V(x,  p).  Expanding  this  datermin^ult  In  terms  of 
the  lolnors  formed  by  Its  first  and  last  columns  we  see  that  this  time  the  minor  of  highest 
order  Is  formed  by  the  two  first  rows  of  the  determinant*  The  value  of  this  minor  Is 

±2  V(x,p)  L,(v)  * 

A  calculation  analogous  to  that  used  In  part  a)  of  this  section  leads  to 

/®  G  (x,t,p)p  f(t)dt  -  p""*^  [.niiiLg)  (269) 

*  1 

where  the  constant  Q  Is  the  limit  of  the  cofactor  of  the  minor  above*  Since  t  >  x  In 

the  Integral  In  the  right  member  of  (269),  the  Integrand  of  that  Integral  tends  to  zero  In 

the  Interior  of  the  Interval  of  Integration,  x  <  t  <  B,  as  p  approaches  Infinity* 
Furthermore,  the  Integrand  Is  bounded  at  the  endpoints  of  the  interval  of  Integration* 
Consequently,  the  Integral  tends  to  zero*  On  the  other  hand,  our  assumption  m  >  0 

Implies  n-2  >  0,  and  the  power  of  p  In  (269)  Is  therefore  not  positive*  Hence,  the 

left  memlier  of  (269)  tends  to  zero,  as  o  *  ^ 

This  completes  the  proof  of  (261)* 
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47.  w«  now  turn  to  tho  uyniptotle  calculation  of  a^Cx.p),  (aaa  (260)).  Wa  nota  flrat, 
on  axpanillng  tha  datarmlnant  In  (253)  with  raapaet  to  Ita  flrat  colum,  that  H2(x,t,p) 
can  ba  wrlttan.  In  a  <  x  <  0,  In  tha  fora 


whara 


t,(V) 


(270) 


H(x,t) 


u,(x) 


Lj(Ui) 


Un_,(x)  g(x,t) 


S‘Vl>  ^2‘»> 


n  n*  1  n 


(271) 


la  tha  Halt  of  tho  cofactor  of  tha  alomant  1<^(V)  In  (253).  Substituting  (270)  In  (259) 
It  follows  that 


G2(x,t,p) 


(-.j  )•*  1 

^(t)  ‘A 


and  this  formula,  togathor  with  (260)  glvas 

z,(x.p)  -  (-1)"  /» (i<>iini,(t)dt  . 

“  V>(t)A 


In  this  axprssslon  wa  nay  pass  to  tha  limit  undar  tha  Intagral  sign,  slnco  tho  asymptotic 
axprasslon  for  tho  Intagrand  is  valid  In  tha  whola  Interval  a  <  t  <  0.  Thus  we  obtain, 
replacing  at  tho  aaisa  tliw  <f(t)  by  Its  value  -b^lt). 


lln  Z2(x,p) 

p-M> 


H(x,t)  f(t) 
A 


bo(t) 


dt 


(272) 
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Now  we  comblme  (272)  with  (261)  and  (260),  and  conclude  that  the  right  member  of  (272)  is 
the  value  of  11m  z(x,t,p).  But  the  definition  of  H(x,t)  and  A  In  (271)  and  (25S), 

p-MO 

respectively,  show  us  that 


n-1  H(x,t) 


(-1) 


Is  exactly  the  Green's  Function  belonging  to  the  differential  expression 

1 


bfllx) 


M(y) 


and  to  the  boundary  conditions  Lj  ~  0,  (1  -  2,3, ...,n). 

Since  these  boundary  conditions  do  not  Involve  derivatives  of  higher  than  (n-2)nd 
order,  this  proves  that  z(x,p)  tends  to  a  solution  of  the  limiting  differential  equation, 
satisfying  all  boundary  conditions,  except  the  first  one. 


3 
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48.  He  suanarlse  the  results  of  this  f  In  the  following  theoreai 


Theorew  5» 

He  consider  the  problem  (M)  defined  by  the  differential  equation 

-  H(y)  +  M(y)  -  f(x)  232) 

P 

and  the  boundary  conditions  (108).  N(y)  and  N(y)  are  differential 
expresalons  of  the  form  (103)  and  (104)  with 

n-m“1  . 

He  malte  the  following  assumptions  t 

(a)  Conditions  1*  -  5*.  7*  and  8*  of  the  Haln  Theorem  (section  4) 
are  satisfied. 

(b)  bg(x)  <0  In  a  <  X  <  a. 

(c)  <  n-1. 

(d)  0  <  r  <  n. 

(e)  f(x)  Is  Integrable  In  a  <  x  <  8. 

Then  the  solution  Z(x.p)  of  the  problem  (H)  tends  >  as  p  approaches 
Infinity  -  to  a  solution  of  the  differential  equation 

M(y)  -  f(x) 

satisfying  all  the  boundary  conditions  (108)  except,  In  general,  the  first 
one,  l,.|(y). 

A  strictly  analogous  theorem  holds  for  bg(x)  >  0. 
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Chapter  III 


SOME  RELATED  PROBLEMS 

§1.  An  Example  for  Boundary  Layer  Problema  In  Systems  of 
Differential  Equatlns. 

49.  A  great  niimber  of  unaolved  boundary  layer  problems  with  Important  applications  can  be 
formulated  for  systems  of  ordinary  differential  equations.  We  are  going  to  discuss  In  this 
section  a  vary  elementary  example  In  order  to  give  an  Idea  of  the  boundary  layer  phenomena 
that  can  arise  for  systems: 

Ha  shall  discuss  the  system 


-1  , 

p  u* 

v" 


“  a  u  t  b  V 
«  c  u  +  d  V 


(301) 


with  constant  a<  by  c,  i,  assuming  that 

a  0  .  (302) 

As  boundary  conditions  we  prescribe 

u(a)  •  u  ,  v(a)  •  V  ,  u(B)  "  u.,  v(B)  “  v.  (303) 

01  (1  p  p 

where  u>v,u.,  v„  are  constants, 
a  a  B  B 

The  "limiting  problem",  obtained  by  setting  p  ^  -  0  In  (301)  Is  equivalent  to  the 
differential  equation  of  second  order 

V"  -  ^  V  -  0  (304) 


where 


and  to  the  relation 


(305) 


(306) 


The  following  queetione  arise i 

(a)  Do  the  solutions  U(xtp),  V(x,p)  of  (301)  and  (303)  converge  as  p  *  •V 

(b)  What  boundary  conditions  do  the  lisiit  functions  U(x)  and  V(x)  satisfy  If  they 
exist,  and  are  they  solutions  of  the  limiting  differential  equation  (304)? 

The  functions  U(x)  and  V(x)  cannot  be  expected  to  satisfy  all  four  boundary 
conditions  (303)  and  also  the  condition  (306),  for  the  prescribed  boundary  values  (303) 
will.  In  general,  not  satisfy  the  condition  (306).  The  answer  to  these  questions  Is 
supplied  by  the  following  nieoreai 


Theorem  6t 

Let  u  a  U(x,p),  V  a  V(x,p)  )m  solutions  of  the  system  of 
differential  equations 


p"’u-  a  a  u  >  b  V  >> 
V'aou  +  dV,' 


(a,  b,  c,  d  constants)  satisfying  the  boundary  conditions 
u(a)  ■  Oj,*  “  ''a'  “  “a* 


(301) 


(303) 


where  u  ,  u.,  v  ,  v.  are  constants.  Let  us  further  assume: 
a  6  a  6 

Assumption  1 :  a  0  . 

Assumption  2:  a,  b,  c,  d,  a  and  S  are  given  In  such  a  way 
that  the  differential  equation 


y" 


(307) 


with 

« -  Ic  51 

and  the  boundary  conditions 

y(  o)  -  0  ,  y(  B)  "  0 

can  be  satisfied  by  the  function  y(x)  =0  only. 
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Then  we  can  make  the  following  atatementsi 

(A)  The  function  V(x,p)  converges,  as  p  *  to  a 
function  V(x),  satisfying  the  differential  equation  (307) 
and  having  the  boundary  values 

Via)  -  V  ,  V(e)  -  V,  (308) 

a  B 

(B)  If  a  >  0,  then  the  function  a(x, p)  converges  In 

a  <  X  <  B,  as  p  to  the  function 

a(x)  -  -  I  V(x)  (309) 


(which,  of  course,  satisfies  the  differential  equation  (307)). 

(C)  If  a  <  0,  then  the  function  n(x,p)  does  not  converge 
but  remains  bounded,  as  p  >  **,  except  when  the  prescribed  boundary 
values  satisfy  the  condition 


a  u  +  b  V  *<0 
a  a 

(310) 

a  Ug>  b  Vg-  0  , 


In  which  case  statement  (B)  remains  true  for  a  <  0  also. 


50.  To  prove  this  theorem  we  start  from  the  observation  that  U(x,p)  and  V(x,p)  are 
both  solutions  of  the  differential  equation 

-  d  y")  -  ay“  +  6y“0  .  (311) 

In  fact.  If  we  multiply  the  second  differential  equation  of  (301)  by  b  and  substitute 
into  it  the  expressions 

^  p  ^  ^  ^  5  ^  VI  ^  ^  ^  ^  a  ^ 

obtained  from  the  first  differential  equation,  we  find  the  following  differential  equation 


In  u  alone 


I 


u  -(p«  +  d)tt"<-pSu-0  , 

which  Is  equivalent  with  (311).  Slallarly,  It  can  be  shown  that  (311)  Is  satisfied  by 
V(x,p),  by  eliminating  u  from  the  differential  aquations  (301).  It  Is  also  easily  seen 
that  the  boundary  conditions  satisfied  by  TI(x.p)  and  V(x,p),  considered  as  solutions  of 
(311),  are,  respectively. 


for  0(x,p) 


for  V(x,p) 


y(o)  “  u 


y(B)  -  u. 


y“(a)  •  (a  u  ♦  b  v  )p 
a  a 


y"(6)  -  (a  Ug  ♦  b  Vg)p 


(312a) 


y(o)  •  V 


y(B)  “  V, 


y*(o)  “  c  u  +  d  V 
a  a 


y-($)  -  c  Up  +  d  Vg  . 


(312b) 


nie  t>oundary  conditions  for  V(x,p)  are  of  the  type  considered  In  our  Main  Theorea 

(chapter  I,  section  3).  ^plying  the  Main  Theorem  for  these  boundry  conditions  and  for 

n-m  «  2,  b(,(x)  -  -a,  we  see  that  for  a  >  0  as  well  as  for  a  <  0  the  function  V(x,p) 

converges  to  that  solution  of  the  limiting  differential  equation  (307)  which  satisfies  the 

boundary  conditions  y(a)  “  v  ,  y(B)  “  v..  This  completes  the  proof  for  statement  (h). 

a  p 


51.  For  U(x,p)  a  special  calculation  Is  necessary,  since  the  boundary  conditions  for 
U(x,p)  contain  p,  a  case  not  considered  In  our  Main  Theorem.  Our  principal  tool  In 
chapter  I,  the  asymptotic  representation  of  a  fundamental  system  of  solutions  of  the  given 
differential  equation,  can  be  applied  to  the  differential  equation  (311)  and  yields  then 


(see  theorem  1,  section  6) 


(x,p)  -  e 


o/a(x-a) 


-ov'a(  x-a) 


U2(x,p)  -  e 


Oj(x,p)  -  CMx)) 


0  (x,p)  -  lB(x)) 


-rj 


Here  the  functions  A( x) ,  B(  x)  form  a  fundamental  system  of  solutions  of  the  limiting 
differential  equation  (307)  and 


0  -  /p  . 

With  these  functions  we  repeat  the  general  reasoning  of  chapter  I  for  this  special  case. 

We  first  re-wrlte  the  boundary  conditions  (312a)  in  a  form  somewhat  more  convenient  for  our 
purpose  I 


-1 

P 


y*(e) 


t.  -au.  +  bv. 

1  e  8 


-1 

p 


y"(  a) 


t,  “  a  u  +  b  V 
3  a  a 


y(  6)  -  -  Up 


y(  o)  "  t.  -  u 
4  a 


Let  us  further  Introduce  the  abbreviations 

e<^(  0-<«)  . 


.  e"’^‘®"“>  -  W^  . 


(314) 


(315) 


Plrst  case;  a  >  0. 

Defining  A( p)  as  In  (134)  we  find 


(a)»^ 

p"’(A-(e)J 

p"’(B-(8)J 

A(  p)  « 

(l)W^ 

(DWj 

[A(  8)1 

[B(  8)1 

(316) 

(a] 

(a) 

p‘’(A-(o)] 

p'’[B-(a)l 

(11 

HI 

[A(  a)) 

[B(a>] 

• 

We  expand  this  determinant  In 

terms  of 

Its  last  two  rows: 

A(p)  -  -[a^J 

A(0) 

A(a) 

B(  a) 

W  a 

1 

B(a) 

-[a^lD  W^ 

(317) 

with 


0 


A(6)  B(S> 
A(a)  B(a) 


In  consequence  of  assumption  2  of  the  theorem  to  be  proved  we  have 


(318) 
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I 


similarly,  we  find 


‘1 

talWj 

p"'  {»-($)] 

p"’(B-(0)l 

‘2 

[llWj, 

[A(  0)1 

[B(  0)1 

‘3 

[a] 

p‘’(A-(a)l 

p"’  (B*(o)l 

‘4 

[1] 

(A(  0)1 

tB(  0)  1 

(alH^ 

‘1 

p"'  (A:  (0)1 

p"’  [B*(0)) 

[11W, 

*2 

[A{  0)1 

[B(  0)1 

[a] 

*3 

p  '[A*(a)l 

p‘’lB«(a)l 

[11 

‘4 

(A(  a)) 

[B(  0)1 

-la  D] 


-  -[a  tj  Dl 


In  the  determinant 


[alw^ 

[alMj 

*1 

p'’[B"(0)) 

[llw^ 

[11V»2 

*2 

[B(0)] 

(al 

[a] 

*3 

p"’[B"(a)l 

[11 

[11 

*4 

[B(a)l 

we  subtract  the  a”  fold  of  the  first  row  from  the  second  row  and  the  a  fold  of  the 
third  row  from  the  fourth,  thus  obtaining 


[a]W^ 

[alWj 

*1 

p"’[B*(0)l 

[01V«, 

[OlWj 

b 

-  —  V 

a  a 

[3(0)1 

[al 

[al 

*3 

p'’[B"(a)l 

[01 

[01 

b 

-  —  V 

a  a 

[3(0)1 

Here  we  h«ve  used  the  fact  that.  In  cons«<iusnc«  of  013) 


Expanding  (321)  we  find 


Similarly,  we  prove  that 


*3(0) 


b 

a 


B<  B> 

B(  a) 


la^lM, 


A(B) 

A(a) 


ta^lw. 


(322) 


(323) 


(324) 


52.  From  (313),  (317),  (320)  and  (321)  it  follows  that 


11m 


Al(p) 

Mo) 


0,<x,p) 


0 


lim 

p-MO 


fi2<P) 

A(p) 


tJ2(x,p) 


0 


in  a  <  X  <  6  • 


(323)  and  (324)  show  then  that 

0(x)  -  lim  0(x,p) 

is  that  solution  of  (307)  which  assumes  the  boundary  values 

U(a)  -  -  ~  V  ,  U(B)  -  ^  V  . 

so  SB 

This  proves  statement  (B)  of  theorem  6. 

Second  case;  a  <  0  . 

If  a  <  0,  then  the  absolute  values  of  and  W2  oscillate  with  increasing  p 

without  tending  to  a  limit.  In  this  case  we  obtain  from  (316)  the  asympotic  expression 
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to 


(325) 


A^l  (W,  -  Wj) 

Instead  of  (317).  For  A^(p)  and  A^lp)  have 

4,(p)  -  -to  a)  (t^  -  Wj) 

^^(P)  -  -to  al  (ij  -  t^) 

and  for  A^(p)  and  A^(p) 


^3(0) 


-ta^l 


b 

“  a  ''s 


b 

—  V 

a  a 


B(0) 

B(a) 


(W,  -  Wj) 


4^(p)  -  -ta  1 


A(0) 


A(a) 


b 

a  '^6 


b 

I ''a 


(w. 


“2> 


53.  From  these  expressions  It  follows  Immediately  that 


4  A  (P) 


does  not  converge  in  this  case.  For 

(A3(p)  Ujtx.p)  +  6^(p)  0^(x,p)  ) 

converges  to  the  same  solution  of  (307)  as  In  the  case  a  <  0,  while  the 


i  (.  u  ♦  A  0  1  -  i/iri(x-a)  Vr*i  -io/Tii( 

-  (A,U,  t  AjOj) 


(326) 

(327) 

(32S) 

(329) 


expression 

x-a) 
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do«a  not  converge  unleae  ~  ^3  *  which  caae  It  la  Identically  aero. 

Thla  completea  the  proof  of  theorem  6. 

If  aaaumptlon  2  of  theorem  6  la  not  aatlafied,  then  our  reaaoning  doea  not  hold  any 
more.  In  that  caae  it  would  be  neceaaary  to  take  into  conaideratlon  alao  the  aecond  terma 
of  the  aaymptotlc  aeriea  uaed,  in  order  to  find  the  order  of  magnitude  of  d(p). 

Aaaumptlon  3  la  eaally  aeen  to  be  equivalent.  In  thla  caae,  with 

5  0 


and 


/-  (6-a)  Nb  when  ~  <  0 


where  M  la  any  poaltlve  or  negative  Integer. 

The  caae  a  >  0  could  be  eaally  treated  by  the  aame  method. 

The  boundary  layera  in  thla  §  occur  only  for  the  function  U(x,p),  which  with 
Increaalng  p  tenda  to  a  function  which  doea  not  have  the  preacribed  boundary  valuea, 
except,  when  theae  boundary  valuea  aatlafy  the  condition  (310). 

A  more  adequate  and  general  treatment  of  boundary  layer  problema  in  ayatema  of 
ordinary  linear  differential  equatlona  could  probably  be  based  on  the  aaymptotlc  aolutlon 
of  linear  ayatema  as  developed  by  Langer  and  G.  D.  Blrkhoff  [5].  The  assumptions  of  that 
theory  would,  however,  have  to  be  generalized  for  this  purpose. 


}2.  An  Example  for  Boundary  Layer  Problems  with 
Singularities  In  the  Interior. 

54.  Introduction;  If  the  aseumption  6*  of  the  Main  Theorem  In  chapter  I  la  dropped,  l.e. 
If  we  admit  zeros  of  bg(x)  In  a  <  x  <  8,  then  our  whole  theory  becomes  Invalid.  For 
the  zeros  of  bg(x)  are  usually  singularities  of  the  limiting  differential  equation 
M(y)  ••  0,  and  the  theory  of  the  asymptotic  solution  of  differential  equations,  which  was 
our  main  tool,  falls  In  this  caae. 
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The  9«n«raX  traatnant  of  boundary  layar  problama  In  this  easa  would  probably  raqulra 
an  antlraly  naw  approach.  But  It  la  alraady  Intarastlng  to  Invastlgata  a  vary  slapla 
special  problem  of  this  type  In  which  the  dlffarantlal  aquation  can  be  solved  explicitly. 
Wa  shall  discuss  the  boundary  layar  problem  of  the  differential  aquation 

i  y*  +  b(x)y'  -  f(x)  (330) 

P 

with  the  boundary  conditions 

y(a)  -  tj  ,  y<e)  -  1,  .  (331) 

We  make  the  following  assumptions] 

1.  b(x)  is  regular  analytic  In  a  <  x  <  0  . 

2.  f(x)  la  regular  analytic  in  a  <  x  <  0  . 

3.  b(x)  has  a  zero  at  the  Interior  point  x  •  r  of  the  Interval  a  <  x  <  0.  But 

b'(r)  0«  and  b(x)  does  not  have  any  other  roots  In  a  <  x  <  0.  (This  number  r  has, 

of  course,  nothing  to  do  with  the  number  r  used  In  the  first  two  chapters.) 

Assumptions  1  and  2  are  by  no  means  essential.  We  Introduce  them  only  In  order  to 
simplify  our  reasoning. 


55.  The  solution  of  the  boundary  value  problem  for  the  differential  aquation  (330):  To 
simplify  the  calculations  It  shall  be  assumed  that  the  boundary  values  are 

y(  o)  -  y(  0)  -  0  . 

The  case  of  non-homogeneous  boundary  conditions,  which  does  not  add  any  new  features  to  the 
problem,  la  discussed  In  section  59. 

The  general  solution  of  (330),  as  obtained  by  elementary  methods  can  be  written  in  the 

form 


(J(x,p)  -  /*  dC  P  f(n)e’‘’‘*‘^*"^‘’’‘'dn  +  c,  /*  e"'*^‘^*de  +  Oj 


where 


A(x)  -  b(x>  dx  (333) 

and  X,  p,  V,  ara  arbitrary  eonatanta,  which  ara  raatrlctad  by  tha  praacrlbad 

boundary  condltlona.  Tha  flva  conatanta  ara,  of  couraa,  not  aaaantlal.  In  raallty  (332) 
depanda  only  on  two  aaaantlal  paranatara,  ao  that  three  of  the  flva  conatanta  can  be  choaan 
arbitrarily.  In  order  to  obtain  a  fora  of  tha  aolutlon  aultabla  for  tha  boundary  layer 
problem.  It  la  convenient  to  aat  u  ~  A,  while  tha  choice  of  X  and  v  ahall  be  left 
undecided  for  the  moaant.  For  typographical  reaaona  It  la  uaaful  to  Introduce  tha 
abbrevlatlona 


de  0  f(n)e"‘‘‘^‘^^"^‘'’'^dn  (334) 

®a  "  ^  .  (335) 

Then  (332)  can  be  written 

0(x,p)  -  P*  t  c,Q*  ♦  Cj  ,  (336) 

and  subatltutlon  of  the  valuea  x  ■  a  and  x  >  6  Into  (336)  leada  to  the  two  linear 
algebraic  equatlona 


0  •  P^  ^  c  c 

X  1“X  2 

0  *  +  c  +  c 

X  l“x  2 


for  c^  and  02*  Calculating  Cj  from  theae  equatlona  and  ualng  t)M  fact  that 

Q®  -  «  Q®,  one  flnda  that 

A  A  a 


(337) 
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Invaatlgation  can  ba  obtalnad  lanadlataly  from  (337)  by  tha  following  conaldarationai 
Substitution  of  X  for  x  In  (336)  ahowa  that  -  u(X).  Aa  X  was  arbitrary,  this  la 
trua  for  any  valua  of  X,  so  that  (337)  can  ba  ragardad  aa  tha  daslrad  solution  of  (330) 
with  X  Instaad  of  x  aa  Indapandant  variable.  Writing  x  for  X,  tha  solution  of  tha 
boundary  valua  problaa  la  tharafora  obtalnad  In  tha  fora 


“a  *o 


56.  Tha  asyaptotlc  valua  of  F(x)a  dx  for  larga  pi 

Tha  solution  of  (336)  la  coapoaad  of  Integrals  of  tha  fora 

P(x)a‘’'^*’dx  .  (339 

It  la  tharafora  laportant  to  hava  asyaptotlc  axpraaslona  for  such  Integrals  for  larga 
values  of  p.  Tha  following  thaorsa,  a  proof  of  which  can  a.g.  ba  found  In  a  paper  by 
0.  Perron  [8],  will  be  tha  chief  tool  of  tha  subsequent  Investigations. 

Thaorsa  I  If  F(x)  and  ^x)  are  regular  analytic  In  s  <  x  <  t,  If 


f  “  0,  for  x"R,  s<R<t 
V’(x)  { 

V  <  0,  for  xi<R,  s<x<t 


ip(x)  «  (x-R)^(gQ  +  gf(x-R)  +  ...) 


Is  tha  Taylor  series  of  (x)  around  x“R,  then 


P(x)a^'^"’dx  -  liF(R)r(^)  - ' 

p  p  l_  I'/p 


'’o' 


where  tha  brac)cats  ”(  1”  hava  tha  saanlng  defined  In  section  5.  (Tha  nuaber  p  hare  has 
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wh«ra  the  brackets  "t  1"  have  the  naaninq  defined  In  section  5.  (The  number  p  here  has 
nothing  to  do  with  the  number  p  of  chapter  I.)  If  R“S  or  R-t,  the  same  Is  true, 
but  with  the  factor  2  In  (340)  missing. 

This  theorem  can  easily  be  generalized  so  as  to  Include  also  the  case  i^(x)  >  Ot 
Theorem:  If  P(x)  and  are  regular  analytic  In  s  <  x  <  t.  If  '^(R)  Is  the 

maximum  of  '^(x)  In  s  <  x  <  t,  where  s  <  R  <  t,  and  If 

ip(x)  - '^i(R)  +  {x-R)®(gg  +  (x-R)g^  +  ...) 

la  the  Taylor  aeries  of  i^(x)  around  x  «  R,  then 

F(x).‘>^‘’'’dx  -  (iF(R)r(l)  — L— Ip-’/P  .  (341) 

p  P  1,^1 1/P 

If  R  «  s  or  R  »  t,  the  same  la  true  with  the  factor  2  In  (341)  missing. 

Proof:  The  Integral 

F(x)e‘‘<''‘’‘>-''‘">>dx 

satisfies  the  assumptions  of  Perron's  theorem  with  '^(x)  -  (R)  Instead  of  (x).  Since 

'^(x)  -  ■^(R)  »  (x-R)*’(gg  +  (x-R)g^  +  ...)  , 

(341)  follows  immediately.  If  (340),  applied  for  the  exponent  'P  (x)  -  V’ (R)  is  multiplied 
on  both  sides  by  e^  . 

57.  Passage  to  the  limit  in  (338),  if 


<  0 

for 

a 

<  X  <  r 

b(x)  <  -  0 

for 

X 

■  r 

>  0 

for 

r 

<  X  <  0  . 

-85- 


Th«  asymptotic  calculation  of  tha  intagrals  in  (338)  is  aasiast  when  the  constant  v 
in  the  definition  of  A(x),  formula  (333),  is  chosen  equal  to  r.  If  this  is  done,  the 
function  )((x)  satisfies  the  following  conditions! 


A(x)  >  0,  X  r 
A(x)  •  0,  X  “  r 

A(x)  is  monotonic  increasing  for  x  >  r 
A(x)  is  monotonic  decreasing  for  x  <  r 


(342) 


A(x)  has  therefore  the  shape  indicated  by  the  figure  below. 


The  passage  to  the  limit,  as  p  in  (338)  leads  to  different  results,  according  as 

X  is  less,  equal  or  greater  than  r. 

Case  a) .  x  >  r« 

X  d 

Application  of  formula  (341)  to  Q  and  Q  show  that  for  x  >  r  both  integrals 

Ot  Cl 

have  the  same  asymptotic  value,  hence 


lim  ”  11m  —2  »  -1  ,  (343) 

p*«  p*..  Q® 

<x  a 


a 

To  the  inner  integral  of  p”  formula  (340)  can  be  applied,  for,  in  this  case, 
r  <  X  <  n  <  C  and,  in  this  range,  -(A(  C)  -  A(n))  as  function  of  n  assumes  its  maximum 
value  0  for  n  *  C,  on  account  of  (342).  As 


|^(-A(  5)  *  A(  n) 


-b(  n) 


is,  by  assumption,  not  saro,  the  number  p  of  (340)  is  here  equal  to  1,  hence 


■86 


p  ■>  tf(e)  ^1 


and  therefor* 


Itie  P® 

p-M*  * 


b(t) 


de 


(344) 


The  expreaslona  in  brackata  in  (340)  and  (341)  can  be  aura  to  be  different  froa  aero, 
if  F(x)  ^  0  in  a  <  X  <  0.  In  order  to  avoid  too  lengthy  foraulaa,  thia  additional 
asauitiption  ahall  temporarily  be  made.  It  la,  however,  by  no  maana  eaaentlal,  and  it  will 
be  ahown  later  how  to  proceed  without  it. 

The  letter  K  in  the  aubaequent  formulaa  ahall  be  uaed  to  indicate  non-vaniahing 
conatanta.  Note  that  the  aaaa  letter  C  will  be  uaed  for  different  conatanta. 

One  finda  immediately,  by  application  of  (341), 


Q 


B 

X 


-pA(x) 


(345) 


in 

6.  ^B*-pA(5)^5 
a  ■’  a 

the  exponent  raachea  ita  maximum  0  for  K  “  c.  ha,  by  assumption,  b(r)  »  0,  but 
b'(r)  0,  p  is  equal  to  2  in  this  case  and 

O  r  P 

In  order  to  find  the  order  of  magnitude  of  p“,  consider  that  a  <  €  <  n  <  x  and  r  <  x 
in  the  exponent  -(A(^)  -  A<n))  occurring  in  Hence,  the  maximum  of  -(A(  ^)  -  A(  r)) ) 

as  function  of  n  for  fixed  C  is 


-<A(C) 

-  A(  5))  -  0, 

for 

A(e) 

>  A(X) 

-(A(5) 

-  A(X))  >  0, 

for 

A(  E) 

<  A(X) 

The  asymptotic  value  of  the  inner  integral  of  is 
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tB] 


,  for  A(  C)  >  A(x) 


,  for  A(C)  <  A(x) 


The  contribution  to  of  that  part  of  the  Interval  a  <  ^  <  x  for  which  A(  >  A(x), 

(if  it  exi8ta)«  can  be  neglected  in  conparieon  with  the  part  where  A( O  <  A(x)o  As 


1  _pA(x) 


on«  has  tharafora 


tB] 


1  .pA{x) 


7J* 


(347) 


From  (345),  (346)  and  (347)  It  follows,  finally,  that 


^  P“  -  IB]  I 
q6  X  P 

o 


and  therefore^  using  (344) « 


Ui«  0(x,p)  -  -  / ®  <15,  for  x  >  r 

p+w 


(348) 


Case  b) ,  x  <  r . 

A  consideration  analogous  to  that  used  for  case  a)  leads  to 


11m  U(x,p)  -  /“  <15»  for  X  <  r  . 

•'ob(e) 


(349) 


See  also  case  c)  and  d),  section  58. 

Case  c) .  X  «  r. 

Is  regular  analytic  at  x  -  r,  then  one  shows  Immediately,  by  a  similar 
that 


b(x) 

consideration. 


2  bui  b(^ 
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(The  factor  j  Is  due  to  the  Q's  in  (338).)  in  other  words,  U(x, p)  tends  In  this  case 
to  the  arithmetic  mean  of  the  two  limits  at  x  -  r. 


S8.  Passage  to  the  limit  in  (338),  if 

r  >  0,  for  a  <  X  <  r 

b(x)  \  "  0,  for  X  «  r 

1.  <  0,  for  r  <  X  <  6  . 

In  order  to  operate  as  much  as  possible  with  positive  quantities  it  is  convenient  to 
set  now 


Mx)  -  /*  b(x)  dx  . 


(350) 


Then  A(x)  satisfies  the  conditions  (342).  if  in  the  definition  of  P^  and  the  sign 

s  s 

of  the  exponents  is  changed,  U(x,p)  can  again  be  written  in  the  form  (338). 

In  addition  to  the  distinction  between  the  cases  x  >  r  and  x  <  r,  the  relative 

size  of  A(  a)  and  A( 6)  plays  now  a  part  in  the  proof. 

Case  a),  x  >  r,  A(6)  >  A(a)  . 

Let  s  >  r  be  the  value  for  x  for  which 


A(s)  -  A(a) 


Then 


(El  -  ,  x  >  s 


,  x< 

p 


(351) 


and 


Q®  -  (E)  -  . 

a  p 

g 

The  relative  positions  of  x,  C  and  n  in  p”  are  indicated  in  the  figure  below. 


(352) 
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One  sees  that  max(X(C)  -  ^<n))  -  A(5)  -  A<*)  for  fixed  i.  Therefore 


/«  p  f(n)e<“^‘^'-'^‘’‘’‘dn-  W 

fB  ^p(A(5)-A<x))^- .  JJJ  2  ^p(A(  B)-A(x)) 
■'x  P 


and 

«8  r.i  ’  „P(A(6)-A(x)) 

-  IE)  -  e 

Furthermore 

For  P**  consider  a^ain  the  relative  poeltlon  of  x,  C  *"<1  h*  if  ^  >  t, 
integral  in  p“  remains  finite,  as  p  ♦  »,  hence  only  the  case  £  <  r  has 
conaldoreds  In  that  casa 

raax(A(e)  -  A(n))  -  A(e)  -  A(r)  -  A(  5) 

and 


P  f<n) 


^P(A(  t)-A( 


[E]  /p  e 


pA(e) 


As 


one  has 


/“  eP^^^’dt  - 

•'x 


Cw  ^e'*‘’‘> 

[w 


X  >  s 


X  <  s 


(353) 

(354) 

the  inner 
to  be 
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V. 


1  pA(x) 

[El  •  ,  X  >  S 


[E]  ®  <  X  <  S 


Substituting  formulas  (351)  -  (338)  one  obtains 


U(x,p) 


i 


[E]  ^ 


1  .P<A<<»>-Mx))  1  pA(a) 

1=1  p  o  -  IE)  ^  e 


lim  U(x,p)  «  t“  • 

p-^«B 


Case  b).  X  >  r,  A(6)  <  A(a)  . 

The  reasoning  la  of  the  same  type  as  In  case  a) ,  only  the  orders 
terms  change.  Let  s  <  r  be  the  value  of  x  for  which 


One  finds 


A(a)  -  A(  3) 


[El  . 

a 


the  asymptotic  formula  (353)  holds  unchanged.  Furthermore 


q6.  (E) 

X  P 


Q®  -  [El  i 
o  p 


The  relative  positions  of  x,  C  and  n  in  the  Inner  integral  of 

X 

figure  below.  Only  the  case  C  <  r  has  to  be  considered,  as  for  5  ; 


(355) 

X  >  s 

X  <  s 

(356) 

of  magnitude  of  the 

(357) 

(358) 

(359) 

can  be  seen  In  the 
r  the  Integral 


tends  to  zero. 
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M 


1 


For  e  <  r 


/“.'"‘^‘dc-  i«  !*'>*<“> 

'X  p 


The  axpraaalons  (353)  and  (357)  -  (360),  Inaartad  In  (338)  laad  to 


0(x,«)  -  tsi  i,PW«-Mx))  .  1  ,pa(5) 

P  »D 


Tharafora 


lln  0(x,p)  •  i«  . 

p*« 


Caae  c)  and  d).  x  <  r. 


One  might  rapaat  tha  pracadlng  argviaants  In  analogoua  form  and  with  tha  aana  final 
result  for  x  <  r.  Instead,  one  can  also  proceed  as  follows!  The  transformation 


*  »  r  -  X 


changes  tha  differential  aquation  (330)  into 


S' 

<ic 


h(*)  "  -b(r-x) 


f(a)  •  f(r-s) 
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Th«  boundary  condltlona  y(a)  •  y(B)  “  0  ara  transforaad  into 


As 


y(  r-  B)  “  y(  r-  a)  “  0  . 


0, 

for 

r-  B  <  * 

<  0 

b(z)  <  « 

0, 

for 

z 

-  0 

I  < 

0, 

for 

0  <  z  < 

r-o 

The  results  of  the  preceding  section  can  be  applied  to  (362)  and  lead  to 

llm  0(*,p)  “  ±*»  ,  for  0  <  z  <  r-a  • 

P-Mt 

But  this  la  equivalent  with 

llm  U(x<p)  “  t»  ,  for  a  <  X  <  r  . 

p*m 

This  method  might  also  have  been  used  to  prove  formula  (349). 


59.  Some  minor  generalizations: 

1)  If  f(x)  Is  allowed  to  )ukve  roots  In  a  <  x  <  B.  the  asymptotic  values  used  for 

n  a 

P  and  P”  are  not  correct  for  these  values  of  x  which  are  roots  of  f(x).  If.  In 

X  X 

particular,  f(r)  >•  0,  some  of  the  expressions  would  even  be  Incorrect  for  all  x.  The 
reason  Is  that  f(x)  or  f(r)  appear  In  the  constant  factors  occurring  In  these 
expressions.  But  In  that  case  the  calculation  could  be  carried  t)irough  with  a  slightly 
more  general  form  of  formula  (340)  also  contained  In  Perron’s  general  formula  In  the  paper 
[8]  quoted  above.  The  result  Is  again  the  same. 

2)  Hon-homogeneous  boundary  conditions:  If  to  (338)  Is  added  a  solution  of  the 
hosKigeneous  differential  equation 

-  y"  ♦  b<x)y’  -  0  (363) 

P 

satisfying  the  non-homogeneous  boundary  conditions 

y(a)  -  y(B)  -  t,  (364) 

one  obtains  the  solution  of  (330)  satisfying  the  boundary  condltlona  (364). 
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I 


4 

t 

m 


As  ths  transfonutlon 


y  -  y  -  t. 


changes  (330)  Into  a  differential  equation  of  the  saiM  type  and  tranafonas  the  non- 
hoaogeneous  left  hand  boundary  condition  Into  a  hoiMgenaoua  one,  It  Is  no  loss  of 


generality  to  assuita  that 


»j-0 


The  general  solution  of  (363)  can  be  written  In  the  font 


0(X,P)  “  (J*  t  Cj 


The  given  boundary  conditions  lead  then  to 


c,  .  c,-0  , 

“a 


0(x,p)  -  t,  . 

Q® 

“o 


To  (365)  the  methods  of  sections  57  and  58  can  be  Innedlately  applied  with  the  following 


result! 


r  <  0,  X  <  r 
V  >  0,  X  >  r  , 


0  for  X  <  r 


f  t.  for  X  >  r 
11m  U(x.p)  -  ( 

p-»«  V  0  for  X  <  r 

f>0,  for  X  <  r 
b).  b(x)  ( 

I  <  0,  for  X  >  r  , 


a.)  A(0)  »  A(a)  , 


0(x,p)  - 


m  x>  s 

(81  .p***-)-**^)^  ^  ,  , 


’■■■ .  t 


M  0)  <  A(  at 


e<) 

llM  D(M,P)  >  . 

p-*“ 


60.  TheoroM  7i 

Glvm  the  dlff«r«ntlal  aqaatloii 

i  y«  ♦  b(x)y*  -  t(K)  (330) 

0 

whera  b(x)  and  f(x)  ara  ragular  analytic  funetlona  in  tha 
Intarval  a  <  x  <  0  and  b(x)  haa  axaotly  ona  root  x  •  r 
In  tha  Intarlor  of  tha  Intarval,  xhila  b'(r)  ^  0.  Than  tha 
bahavlor  for  grant  valuaa  of  p  of  tha  nolutlon  of  (330)  which 
aatiaflaa  tha  boundary  conditiona 

y(o)  -  ij,  y(0)  -  t,  (331) 

dapanda  aaaantially  on  tha  ahapa  of  b(x): 

f'  <  0  for  o  <  X  <  r 
1).  If  b(x)  < 

'  >  0  for  r  <  X  <  0  , 

than  tha  aolutlon  0(x,p)  convargaa  with  Incraaaing  p  in 
tha  whola  intarval  a  <  x  <  0,  axcapt  poaaibly  at  x  >  r,  tha 
limiting  function  baing  compoaad  of  tha  two  aolutlona  of  tha 
limiting  diffarantial  aquation  of  tha  first  ordar 

b(x)y’  -  f(x) 

satisfying  ona  of  tha  two  prascrl)>ad  boundary  conditions.  If 
thasa  functions  ara  boundad  at  x  •  r,  than  tha  solution  of 
(330)  convargaa  at  x  •  r  to  tha  arlthmatlc  mean  of  tha  two 
limits  at  this  point. 

f  >  0  for  a  <  X  <  r 
2).  If  b(x)  < 

V  <  0  for  r  <  X  <  0  , 
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then  0(x,p)  dlvar9«a  with  Incraaaln^  p  at  all  potnta  of  tha 
lntarval< 
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Appendix 

A  SHORT  REPORT  OM  THE  ASYMPTOTIC  SOLOTIOM  OF 
ORDINARY  DIFPERENTIAZ.  EQUATIONS  INVOLVING  A  PARAMETER 

61.  The  aain  nathenatlcel  tool  used  In  this  paper  Is  the  theory  of  the  asynptotlc  solution 

of  differential  equatlns  Involving  a  parasteter  P  for  large  values  of  this  parameter.  The 

most  la^rtant  results  of  this  theory  are  contained  in  papers  by  G.  D.  Blrkhoff  [1]. 

Noalllon  [2],  Tamarkln  131,  [41,  Langer  [S] ,  and  Trjltrlnslcy  [61.  The  asymptotic 

developments  used  by  Blrkhoff  and  Tamarkln,  although  of  a  very  general  character,  do  not 

apply  to  the  particular  differential  equations  of  this  Investigation,  because  they  assume 

that  a  certain  "characteristic”  algebraic  equation  formed  with  the  coefficients  of  the 

differential  equation  has  no  multiple  roots,  an  assumption  not  satisfied  In  our  case. 

It  would  probably  not  be  difficult  to  modify  the  methods  used  by  Blrkhoff  and  Tamarkln 

In  such  a  way  that  they  cover  our  case.  But  this  Is  not  necessary,  since  the  type  of 

differential  equations  considered  by  Noalllon  and  Trjltslnsky  Includes  the  differential 
equation  (101). 

A  complete  proof  of  the  main  theorem  of  Noalllon  and  Trjltslnsky  would  be  beyond  the 
scope  of  this  Investigation,  even  If  we  restricted  ourselves  to  the  special  case  In  which 
we  are  Interested.  He  Intend  here  only  to  give  a  sumiarlted  report  on  the  methods  of  this 
theory  and  to  show  how,  assuming  the  theorems  proved,  the  asymptotic  expressions  of  theorem 
1  can  be  obtained  In  our  case. 

The  theory  consists  of  two  parts.  In  the  first  part,  which  may  be  called  the  "formal 
part",  the  "exact"  differential  equation 

L(y,p)  -  0  (401) 

which  Is  essentially  equivalent  to  the  differential  equation 

— -  0  (402) 

y 

Is  replaced  by  the  "asymptotic"  differential  equation 

L(y,P)  ^ 

y  j 


0 


(403) 


Her*  the  syiiQwl  "j"  has  the  following  Mantngi 


'1 

Jt 


t(*,P)  J  g<*.P)  > 

where  j  is  a  real  number,  stands  for 

f(x,P)  -  g(x,P)  -  . 

p”^ 

As  previously,  E(x,P)  Is  a  function  such  that  there  Is  a  positive  real  number  R  so  that 
|E(x,P)|  is  uniformly  bounded  for  a  <  x  <  0  and  |p|  >  R.  Usually,  f(x,P)  will  be 
regarded  as  asymtotleally  equal  to  g(x,P)  only  if  j  is  positive.  But  soMtlmes,  e,g. 
in  the  case  of  the  differential  equation  (101),  a  solution  of  (403)  with  a  negative  j 
will  be  an  asymtotlc  approxlsutlon  in  the  ordinary  sense  of  the  exact  dlferential  equation 
(401). 

It  is  then  shown  that  under  very  general  assua^lons  a  function  Y(x,P)  can  l>e 
constructed  which  satisfies  the  condition  (403),  provided  the  number  j  is  not  too  large. 
If  certain  differentiability  conditions  are  satisfied,  j  may  have  an  arbitrarily 
large  value.  This  is  the  case  treated  in  detail  by  Noalllon  and  Trjltslnstcy.  The  case  in 
which  there  is  an  upper  limit  for  j  is  only  awntioned  occasionally  by  these  authors.  But 
since  we  are  only  interested  in  the  first  terms  of  the  resulting  asymptotic  expansions.  It 
is  unnecessary  to  assume  indefinite  differentiability  of  the  coefficients  of  the 
differential  equation.  This  assumption  is  required  only,  if  we  are  interested  in  the 
unlimited  asymptotic  expansion.  Going  over  Noalllon* s  proof  it  is  easily  seen  that 
assumption  4*  of  Noaillon's  theorem  in  section  62  below  is  sufficient  to  guarantee  the 
existence  of  the  first  term  of  the  asymptotic  solution. 

In  the  second,  the  "fanctional*  part  it  is  shown  that  the  solutions  of  the  asymptotic 
differential  equation  (403)  are  asymptotically  equal  to  the  solutions  of  the  exact 
differential  equation  (401). 

Essential  for  our  application  is  furthermore  the  result  that  the  derivatives  of  these 
asymptotic  solutions  of  (401)  are  asymptotically  equal  to  the  derivatives  of  the 
corresponding  exact  solutions, 
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Th«  complata  atataaant  ot  tha  raaalta  of  Moalllon'a  papar,  aa  far  as  thay  ara 


Important  for  our  purposa,  follows i 


62.  Noalllon's  'niaoroa. 

Part  It  Glvan  la  tha  <11ffarantlal  aquation 

Uy,pi  -  I  P.(x,p)y*""^*  -  0  (404) 

1-0 

satisfying  tha  following  conditions: 

1*.  p  Is  a  raal  poaltlva  parasMtar. 

2*.  X  la  a  raal  varlabla 

3*.  In  tha  domain  a  <  x  <  B.  p  >  R  <a.  B»  R  constants)  tha  coafflelants  P^(x,p)  can 
be  expanded  In  convergent  series  of  the  form 

Hi  - 

Pj(x,p)  -  p  I  B  (x)p“*  .  (405) 

s-0 

(Tha  ara  poaltlva  Integers.) 

4*.  Tha  functions  have  at  least  n  continuous  derivatives  In  a  <  x  <  B* 

5*.  Tha  coafflelants  Bgg(x)  In  (405)  does  not  vanish  In  any  point  of  tha  Interval 
o  <  X  <  B. 

To  these  conditions  1*  -  5*  a  sixth  assumption  )ias  to  bo  added,  which  can  be  most 
easily  defined  In  tha  course  of  the  construction  of  tha  asymptotic  solution. 

If  these  conditions  ara  satisfied,  than  there  can  be  constructed  solutions  y(x,p)  of 
(403),  each  of  which  can  be  written  In  the  form 

Y<x,p)  -  T»u  (406) 

where  the  "principal  factor"  T  la  a  function  of  the  form 


with 


T 


we,p)<ie 


(407) 


-  f  A  (x)p“‘^ 
1-1 


<<(x,p) 


(408) 


1 


the  (x^  being  non-negative  deoreealng  rational  numbers  and  p  being  a  positive  Integer 
Independent  of  ].  a  stands  for  the  "secondary  factor* 

y  -  - 

u(x,p)  -  I  «J*)P  **  •  (409) 

vO 

Here  M  la  a  positive  Integer  Independent  of  j.  The  positive  Integer  j*  depends  on 

j  and  Increases  with  j.  (In  the  application  to  differential  equation  (101)  the  first 

b*2 

term  of  (409)  Is  obtained  If  j  *  -  as  we  shall  sea.) 

n*fli 

As  we  have  said  bafora<  the  Mxlaal  value  of  j  for  trtilch  a  solution  y(x,p)  of 
(403)  can  be  constructed  depends  on  the  number  of  times  the  coefficients  can  be 

differentiated.  It  can  be  only  determined  In  the  course  of  the  successive  construction  of 
the  terms  of  (409).  If  the  can  be  differentiated  Indefinitely,  then  j  and  j'  can 

have  arbitrarily  large  values. 

Bamarki  llte  theory  remains  valid  If  the  series  (40$)  are  not  convergent  but  only 
asymptotic  expansions.  But  %*e  do  not  need  this  case  for  our  application. 
runctlonal  asrtt  I<st  y(x,p)  ■  T«u  be  a  solution  of  (403).  Then  there  Is  a  solution 
y(x,p)  of  the  exact  differential  equation  (401)  such  that 

.  11 

y(x,p)  -  T(u  ♦  p  "  (01)  (410) 

and  this  equation  can  be  formally  differentiated  at  least  n-1  times,  l.e.  It  can  be 
differentiated  treating  the  symbol  [0]  as  if  It  were  a  constant. 


63.  The  construction  of  the  asymptotic  solution  of  the  differential  equatloni 
A)  The  principal  factor. 

The  first  step I  In  substitute  an  expression  of  the  form 


(compare  (407),  (408),  (409)).  The  result  of  this  substitution  Is  an  expression  of  the 


5  ^1  \ 

I  f  (x)p  ^  ♦  p  "(O] 
1-1 


* 


If 


‘  -vV, 


a 

th*  first  tern  A^(x)P  ^  In  (408)  In  such  a  way  that  the  coefficients  f^Cx)  of  the  term 
of  highest  order  In  (411)  vanishes* 

Noalllon  gives  a  general  method  that  allows  us  to  determine  the  exponent  and  the 

function  A^(x)  systematically  In  the  general  case.  But  our  application  being  of  such  a 
simple  type.  and  A^(x)  can  be  found.  In  our  case,  more  directly. 

Second  step:  Having  chosen  the  first  term  A^P  of  ^  we  set 


P 


y 


where  Is  the  denondnator  of  the  rational  number  u^.  This  substitution  transforms  the 


expression 


Into  an  expression 


We  now  repeat  the  reasoning  of  the  first  step  with 


instead  of  in  order  to 

y 


find  the  term  ,  considering,  of  course,  for  a.  only  values  that  are  smaller  than 

We  continue  In  this  manner  until  we  arrive  at  the  last  term  A  P  ^  for  which  u  Is 
1  P  P 

still  positive.  That  there  is  such  a  term,  l.e.  that  we  always  attain  an  exponent 
a  ,  *  0  after  a  finite  number  of  steps,  is  proved  In  Noalllon's  paper. 

p+1 

B)  The  secondary  factor. 

First  step:  In  L(y)  substitute  Y  -  T*u  where  T  Is  the  function  calculated  in  A) 

and  u  as  yet  undetermined.  The  result  of  the  substitution  Is  an  expression  of  the  form 

T  K(u,P),  where  K(u,P)  Is  a  linear  differential  expression  In  u  whose  coefficients  are 
1  /M 

power  series  In  o  -  p  ,  M  being  the  common  denominator  of  all  the  exponents  in 

4*.  In  K(u,P)  collect  the  terms  of  highest  order  In  o.  Then  K(u,P)  can  be  written  In 


the  form 
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K(u,P)  -  S  G(u)  ♦  H(u,P) 


(412) 


Here  S  la  the  highest  power  of  a  occurring  in  K(u,P)  and  G(u)  and  H(U/P)  are 
differential  expreasionsi  G(u)  being  independent  of  P>  It  can  be  proved  that  the 
hipest  order  of  differentiation  occurring  in  G(u)  is  greater  than  aero. 

Second  step:  Find  a  solution  of  the  differential  equation 

G(u)  -  0  .  (413) 

We  take  this  solution  as  the  first  term  Eq(x)  of  the  series  (409).  Since  we  want  Bg(x) 
to  be  bounded  in  the  whole  Interval  of  x  in  which  we  consider  the  asymptotic  expansion, 
we  have  to  add  to  the  assumptions  1*  -  S*  in  section  62  the  condition  6*:  The  coefficient 
of  the  highest  derivative  in  (413)  does  not  vanish  in  any  part  of  the  interval  a  4  x  <  S. 

Third  step:  In  order  to  find  the  function  E^(x),  P  >  0  of  (409),  Noaillon  proceeds 
as  follows:  He  determines  by  recursion  a  sequence  of  functions  w^(x,  )  W2(x,  ),...  from 
the  formula 

G(«„)  -  I  H(w^1,P)  .  (414) 

It  is  easily  seen  that  the  w^(x,P)  are  of  the  form 

w  -  I  s"*  g  (x)  .  (415) 

i-0 

The  functions  E^^lx)  are  then  given  by 

l> 

v-1 

It  is  not  difficult  to  prove  that  the  function  (406),  if  determined  by  the 
construction  which  we  have  just  outlined  here,  does  in  fact  satisfy  the  relation  (403). 

The  construction  of  the  asymptotic  solution  Y(x,P)  is  by  no  means  uniquely 
determined,  and  it  can  be  proved  that  the  construction  yields  asymptotic  expansions  which 
are  asymptotic  approximations  to  a  fundamental  system  of  solutions  of  (401). 
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64.  Asymptotic  Solution  of  L(y)  =  -i  N(y)  +  M(y)  «  0. 

A)  The  principal  factor. 

First  steps  We  now  apply  the  construction  described  In  section  63  to  the  particular 
type  of  differential  equation  under  consideration.  Substituting 

y  “  y  »  T»u 


in  where  L(y,p)  Is  now  the  differential  expression  (101),  and  T  and  u  are 

expressions  of  the  form  described  by  (407),  (408),  (409),  we  see  that,  unless  i(i  »  0,  the 

( a )  * 

term  of  highest  order  of  ^ -  la  (A^(x)p  )  .  The  condition  that  the  highest  tesrms  of 

1  y )  M(  y) 

- ^  as  function  of  p,  and  of  *  cancel  out  Is  therefore 

P  y  y 

o.n-1  a.m 

A^(x)p  H -b|j(x)  a”(x)p  , 


o^n  -  1  - 


(417) 


and 


^1  “  ■%'^1  ' 


(418) 


provided  1(1  ^  0.  From  (417)  and  (418)  we  conclude 

1 


1  n-m 


(419) 


and 


A,  =■  (-bg )’/"-“ 


(420) 


Second  step:  Now  we  write 


y  =•  e 


(421) 


where  o  Is  defined  by  p  ^  a  and  (x)  Is  one  of  the  functions  defined  In 

theorem  1,  section  6.  Yj  Is  the  function 


/*  <i-,(Ode 

0 

yj  ”  e  •  u 


Here  u  is  again  the  series  (409)  and 

P 

♦,(x)  -  \  A  (x)p 

1-2 


(422) 


(423) 
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»•  find 


,(v)  ^ 

‘  ■  ■■■  ■  0  (x)  +  V  -*■  ■  ■  -  4^  •  •  •  • 

y  y, 


(424) 


The  term  of  hlgheat  order  In  the  eecond  term  of  the  rlqht  raenber,  if  is  replaced  by 

its  value  according  to  (422)  and  (423)  has  the  value 

.  w1  v-1 

U  C  P  If 

V  V 

This  term  la  of  lower  order  in  o  than  the  term  a  if  ,  alnoa 

vt(n-)0j 

p  0  «  o  -1 


emd 


In  consequence  of  the  asaumptlon 


( n-m)  a.  -  1  <  0  , 


The  omitted  terau  in  (424) <  which  are  indicated  by  dota,  are  aimilarly  seen  to  be  of  atlll 

^^^2^  1  n  n  mm 

lo«ier  order.  The  terms  of  highest  order  in  i.e.  —  o  and  b.  o  ,^  cancel  out, 

y^  P  0 

since  <^(x)  and  a  have  been  chosen  such  as  to  achieve  just  this.  The  next  terms  are 

(425) 


1  .  n-1  n-1 

n-AjC  p  w  .for  -  ^ 


1  '“y2> 


and 


^  ^  -1  “2  --1  ,  "‘5^2’ 

b  A  o  p  ^  ,  for  — - 


(426) 


provided  >  0.  (For,  if  0^  ~  0,  there  are  more  terms  of  the  same  order  as  (425)  and 
(426) .) 

Following  Noaillon's  construction  we  try  to  determine  0^  and  A2  in  such  a  way  that 
these  two  terms  cancel  out.  But  setting  the  sum  of  (425)  and  (426)  equal  to  zero,  and 
Inserting  for  'P(x)  its  value  (-bQ{x)  leads  to 

nr-m  “0  , 

which  was  excluded. 

Hence,  0^  >  0  is  impossible  and  therefore  41  •  (V(x). 
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B)  The  secondary  term. 


We  follow  the  construction  of  ttoelllon  In  order  to  find  the  differential  expression 
K(u,p)  of  (412).  Since 

(v)  V  V  ^  w1  w-1  ,  . 

y  -T(0(pU'*-uo  If  u*  +  ••••) 

where  the  dots  Indicate  terms  of  lower  order,  we  find  by  an  easy  calculation 


L(Tu)  “  T  K(u,p)  “  T{o*”^  (Sj.p''  ^u  +  n?"  'u*  +  ^u  +  mbpi^*”^u* )  +  Il(u,p)) 


Hence,  the  function  Bg(x)  In  this  case  Is  a  solution  of  the  differential  equation 
obtained  by  setting  the  factor  of  c  equal  to  zero.  This  differential  equation  can  be 

written 

♦  b^)u  •  (iv  +  «b^)u* 

or 

(a,  bg  -  b, )u  »  bg(n  -  m)u’  . 

Therefore 

f* 

■  %  b  (e)(n-m) 

Bg(x)  -  n(x)  -  e  "  ”  .  (427) 

Interested  In  the  other  terms  E^(x),  v  >  0  of  (409). 

1*  -  6*  of  Noalllon's  theory  are  satisfied  In  our  application  for  the  whole 
<  8.  Condition  S*,  In  particular.  Is  equivalent  to  condition  6*  of  the 
chapter  I.  Hence,  we  conclude  that  there  are  n-m  solutions  of  (101)  of 

o  (e)dt 

Y^(x,p)  -  e  “  (ii(x)],  .(V  -  1,2,...,n-m)  .  (428) 

Note  that  the  function  n<x)  Is  the  same  for  all  Y^(x,  )  and  that  It  does  not  vanish  In 
a  <  X  <  S. 


We  are  not 
Conditions 
Interval  a  <  x 
Main  Theorem  of 
the  form 
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But  wa  can  find  More  aaymptutlc  solutlona  of  th«  dlffarantial  o<iuatlon  (101)  by 
droppln9  th«  assumption  that  ths  i(i<x,p)  of  (408)  Is  not  ssro.  In  fact.  If  ths  principal 
factor  T  of  (407)  Is  equal  to  1,  the  method  used  for  ths  construction  of  the  secondary 
factor  In  section  63f  B]  leads  to  asymptotic  solutions  given  by  series  of  ths  form  (409). 
The  first  term  of  each  of  these  series  Is  a  solution  of  the  differential  equation 
H(y)  -  0.  Taking  a  fundamental  system  u^(x)  of  m  independent  solutions  of  this 
differential  equation  as  first  terms  of  m  asymptotic  solutions  of  (101)  we  can  add  to  the 
n-m  solutions  of  (101)  given  by  (428)  m  more  solutions  of  the  form 

V(x,p)  -  (u  (X))  ,  (V-  1,2,.. .,m)  .  (429) 

n-m+v 

llnerly  Independent,  for  sufficiently  large  p,  can  be  given  by  calculating  the  asymptotic 
value  of  the  Hronsklan  of  these  n  functions.  It  does  not  offer  any  difficulties. 

This  finishes  the  proof  of  theorem  1  of  section  6. 
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